
Rheol Acta (2009) 48:97–108
DOI 10.1007/s00397-008-0317-9

ORIGINAL CONTRIBUTION

Flow of branched polymer melts in a lubricated cross-slot
channel: a combined computational and experimental study

A. Abedijaberi · J. Soulages · M. Kröger ·
B. Khomami

Received: 14 February 2008 / Accepted: 1 August 2008 / Published online: 30 October 2008
© Springer-Verlag 2008

Abstract Numerical simulations have been performed
to evaluate the accuracy of the multimode Giesekus
model in predicting the flow behavior of a rheologically
well characterized low-density polyethylene melt in a
lubricated cross-slot channel. Specifically, the fidelity
of the numerical results is established by detailed com-
parison with flow-induced birefringence measurements
in a new optical rheometer with lubricated side walls
that allows the creation of ideal two-dimensional flow
kinematics that lead to the elimination of end effects
commonly encountered in flow birefringence measure-
ments. Based on these comparisons, the ability of the
multimode Giesekus model to capture the flow charac-
teristics with reasonable accuracy in the experimentally
available Wi range of 21 to 29 has been established.
However, it should be noted that the model predictions
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are, at best, qualitative in the vicinity of the stagnation
point. The discrepancy between numerically predicted
and experimentally observed stresses in this region is
mainly attributed to the inaccuracy of the experimental
data that stem from the occurrence of multiple or-
ders of retardation within the measurement volume.
Overall, these studies have paved the way for the de-
velopment of a hi-fidelity lubricated cross-slot channel
rheometer.
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Differential constitutive equation · Rheo-optics ·
Finite-element analysis · Flow visualization ·
Polymer melt

Introduction

The non-Newtonian flow characteristics of polymer
melts strongly impact the vast majority of processing
operations used to manufacture polymeric products
such as mixing, extrusion, fiber spinning, film blowing,
or injection molding (Dealy and Wissbrun 1990). Quan-
titative prediction of velocity and stress distributions in
complex flows of polymers is a challenging goal, but
offers the promise of more rational process design and
optimization. Advances in computational algorithms
have largely resolved the long-standing Weissenberg or
Deborah number problem that had limited numerical
simulations to weakly elastic conditions for many years
(Keunings 2001). The steady growth of computational
power has made it possible to employ multiple-mode
differential or integral constitutive equations that accu-
rately reflect the distribution of relaxation times of real
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polymers and to perform time-dependent calculations
in complex geometries. To date, stress distributions
from flow birefringence measurements together with
finite element computational studies in stagnation flows
have emerged as an effective test of constitutive model
performances in complex flows (Li et al. 1998, 2000;
Burghardt et al. 1999; Feigl and Öttinger 1996). In
this context, it has become highly relevant to develop
constitutive models or mesoscopic descriptions that not
only predict the linear and nonlinear flow behavior of
polymeric fluids in shear or extension but also are ef-
fective in describing nonhomogeneous flows involving
mixed shear and extensional deformations.

To this end, constitutive equations derived from ki-
netic theory (Kröger et al. 2008) and coarse-grained
models motivated by atomistic simulation can be ex-
pected to guide these efforts. Specifically, during the
last decade, several atomistic and course-grained sim-
ulation studies (Harmandaris et al. 1998; Kröger and
Hess 2000; Likhtman and McLeish 2002; Everaers et al.
2004; Vladkov and Barrat 2006; Foteinopoulou et al.
2006; Tzoumanekas and Theodorou 2006; Kindt and
Briels 2007; Kim et al. 2007) have been instrumental
in testing the validity of assumptions used in driving
constitutive relationships, as well as establishing the
relationship between model and molecular parameters.

In recent years, coordinated experimental/com-
putational studies of polymeric systems have typ-
ically employed closed-form constitutive equations
such as multiple-mode versions of various differen-
tial (Giesekus, Phan-Thien–Tanner, Bird–DeAguiar)
or integral (Wagner, Papanstasiou–Macosko–Scriven)
models (Bird et al. 1987). Such models have had rea-
sonable but not universal success in predicting the
mixed kinematics flow of polymer melts and solutions.
Specifically, it has been established that the multimode
Giesekus model performs exceptionally well in pre-
dicting the steady flow kinematics and stress field of
moderately concentrated polymeric solutions in com-
plex kinematics flows up to moderate Weissenberg
numbers (Li et al. 1998, 2000; Burghardt et al. 1999).
In cross-slot geometries, for instance, the Giesekus
model has been used by Schoonen et al. (1998) to
perform a three-dimensional (3D) analysis of the
stagnation flow of a polyisobutylene solution. How-
ever, the presence of end effects close to the stagnation
point led to experimental birefringence measurements
that were three times higher than the numerical pre-
dictions. In a flow channel similar to that of Schoonen
et al., Peters et al. (1999) studied the performances
of the Giesekus model in predicting the complex flow
of a polyethylene melt using birefringence isochro-
matic fringe pattern measurements. Large deviations

between the 2D viscoelastic simulations and the exper-
imental results were observed downstream of the stag-
nation point. This discrepancy was mainly attributed to
end effects and beam deflections. In the same cross-
slot device, Verbeeten et al. (2002) compared the ex-
tended Pom-Pom and Giesekus model predictions with
experimental results along the channel symmetry line
and observed an over prediction of the maximum stress
in the vicinity of the stagnation point due to possible
end effects. To date, end effects in flow birefringence
experiments have largely prevented a rigorous evalua-
tion of model predictions in complex kinematics flows
of polymeric systems. In this study, we evaluate the
performances of the multimode Giesekus model in de-
scribing the flow behavior of a low-density polyethylene
melt (LDPE) melt (studied earlier by Wagner et al.
2000 and Bach et al. 2003) flowing in a lubricated
cross-slot channel recently developed by Soulages et al.
(2007) that eliminates end effects.

Flow birefringence of polymer melts

Stress distribution measurements using flow birefrin-
gence in mixed kinematics flows of polymer melts pro-
vide a stringent test of the predictive capabilities of
constitutive equations. Flow-induced birefringence is
one of the most prevalent noninvasive techniques that
allow a complete mapping of stress fields in polymeric
systems under flow. In flow birefringence experiments,
the direct relationship between the optical and molecu-
lar anisotropy expressed by the stress-optical rule is ex-
ploited to measure the flow-induced polymeric stresses
(Fuller 1995). Birefringence measurements typically in-
volve passing a light beam through a flowing birefrin-
gent medium in order to capture the resulting optical
anisotropy. Thus, the flow should be 2D in order to
ensure the accuracy of the averaged optical properties
along the light path. In reality, however, the confining
walls of the experimental geometry inevitably lead to
end effects. Motivated by experimental evidence that
end effects become negligible in channels having an
aspect ration greater than 10 (Wales 1976), many re-
searchers have resorted to utilizing large aspect ratio
flow channels to minimize the influence of the parasitic
shear gradients near the sidewalls. Contrary to this
generally accepted view, working with a large aspect
ratio is not sufficient to guarantee 2D flows. Recently,
systematic studies have conclusively shown that the
stress gradients along the beam path near the confin-
ing walls cause uncertainties in the effective extinction
angle measurement that cannot be eliminated working
with large aspect ratios (McHugh et al. 1987; Öttinger
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1999). To circumvent the difficulties associated with
creating 2D flows, a few researchers have used axisym-
metric geometries and compared the integrated optical
measurements with numerical simulation predictions to
assess the performances of various constitutive models
(Li et al. 1998, 2000; Burghardt et al. 1999; Bach et al.
2002). Although the computational demands in such
studies are equivalent to those of 2D flows, accurate
experimental measurements are very challenging due
to parasitic wall effects and/or beam spread. Alterna-
tively, one can perform 3D simulations and compare
the integrated stresses along the light path with ex-
perimental data. However, the computational burden
associated with performing 3D simulations in complex
flow geometries with realistic multimode constitutive
equations or mesoscopic models is often orders of mag-
nitude higher than 2D simulations and then requires
significant super computing resources. In addition, end
effects in 3D flows do not allow a reliable measurement
of the extinction angle as the small retardance approx-
imation is not valid for polymer melts due to multiple
orders of retardation. These difficulties have motivated
recent work by Soulages et al. (2007) aimed at develop-
ing a novel optical cross-slot channel rheometer whose
front and back viewing windows are lubricated so that
a controllable complex 2D isothermal flow could be
created. Lubricating sidewalls not only eliminates the
stress gradients near the walls and, subsequently, the
end effects but also makes it possible to use small aspect
ratios. This latter property presents the advantage of
working with a perfectly collimated beam over the
entire channel depth and offers a better control of the
temperature in the flow cell.

Problem formulation

Conservation equations

The equations of motion and continuity for an incom-
pressible fluid are given by

Re
(

∂u
∂t

+ u · ∇u
)

= −∇ p + ∇ · τ , (1)

∇ · u = 0, (2)

where u, p, and τ represent, respectively, the velocity,
the excess pressure, and the deviatoric stress tensor. In
what follows, all stresses are nondimensionalized with
respect to η0V/H, where η0 is the polymer zero-shear-
rate viscosity, V the average inflow velocity, and H the
half channel width (6 mm). In Eq. 1, Re represents the

Reynolds number, which is defined as Re = ρV H/η0

(nearly zero in the parameter range of this study),
where ρ denotes the fluid density. The Weissenberg
number Wi is defined as Wi = λV/H, where λ repre-
sents the polymer mean relaxation time. To complete
the set of governing equations, a constitutive model
that relates τ to the velocity field and its gradient is
used. The choice of the multimode Giesekus model has
been motivated by the success of this model in accu-
rately describing the rheological behavior of concen-
trated solutions in complex kinematics flows (Li et al.
1998, 2000; Burghardt et al. 1999) and the good descrip-
tion of the rheology of the test fluid in simple shear and
uniaxial extension. While the Giesekus model allows to
model rheological properties on the macroscale, it does
not help to correlate structural properties of the fluid’s
ingredients with its parameters.

Giesekus model

The Giesekus model (Giesekus 1982) is derived from
an elastic dumbbell theory and was originally devel-
oped for concentrated polymer solutions and melts.
Because of the large polydispersity of the LDPE melt
used in this study, a multimode Giesekus model has
been used. In this model, the polymeric contribution to
the total stress associated with each mode i (1 � i � M)
is described by

τ i + λi
∇
τ i +αiλi

ηi
(τ i · τ i) = 2ηiγ̇ , (3)

and the total polymeric stress in Eq. 1 reads

τ =
M∑

i=1

τ i. (4)

The parameter αi in Eq. 3 is the mobility para-
meter associated with the anisotropic hydrodyna-
mic drag observed in concentrated solutions and melts
(0 � αi � 1). In this study, The values of αi are less
than 0.5 to ensure monotonic increase of shear stress
with shear rate. In Eq. 3, ∇..., ηi, λi, and γ̇ denote,
respectively, the upper convected time derivative, the
polymer viscosity, the relaxation time, and the rate
of deformation tensor defined as γ̇ = 1

2 [∇u + (∇u)T ].
For each mode, we introduce the dimensionless relax-
ation time �i = λi/λ and the dimensionless polymeric
viscosity βi = ηi/η0 so that Eq. 3 can be rewritten in
dimensionless form as

τ 	
i + Wi �iτ̃

	
i + αi Wi �i

βi
(τ 	

i · τ 	
i ) = 2βiγ̇

	, (5)
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where we define τ 	
i = τ i/(η0V/H), γ̇ 	 = γ̇ /(V/H) and

τ̃ i
	 = ∇

τ i /(η0V2/H2), introducing the dimensionless time
t	 = t/(H/V).

Computational technique

The numerical technique used in this study is the
higher-order- discrete-elastic-viscous-stress (hp-DEVSS)
finite element method (Li et al. 1998; Talwar and
Khomami 1995). In this technique, a Galerkin dis-
cretization is used for the equations of motion and
continuity together with a streamline upwind Petrov–
Galerkin (SUPG) discretization for the constitutive
equation. In the SUPG scheme, the Galerkin weighting
function ϕ is replaced by ϕ + (u · ∇ϕ)h/|u| (Hughes
et al. 1989). The hp-DEVSS method also utilizes an
additional stabilizing technique to ensure the ellipticity
of the momentum equation. Specifically, the polymeric
stress is split into its elastic and viscous parts, namely,
τ = τ e + τ v , where τ v = 2ηγ̇ . This reformulation of the
momentum equation gives rise to an enhanced ellip-
ticity, which improves convergence. Finally, one can
also enhance the momentum equation ellipticity by the
addition of the term α(2γ̇ − [∇u + (∇u)T ]). Although
this term vanishes in the strong form, it is stabilizing in
the weak form because of the different basis functions
used for the discretization of u and γ̇ (Rajagopalan
et al. 1990).

In the Galerkin method, the same basis functions are
used for both the trial and test functions. In the hp-
DEVSS technique, these basis functions are defined as
linear combinations of Legendre polynomials (Talwar
et al. 1994). Within each element, the dependent vari-
ables are approximated as

u =
Nu∑
i=1

ui Ni, p =
Np∑
i=1

pi Ni,

τ =
Nτ∑
i=1

Ti Ni, γ̇ =
Nγ̇∑
i=1

γ̇ i Ni, (6)

where ui, pi, Ti, and γ̇ i constitute the set of unknown
expansion coefficients for u, p, τ , and γ̇ , respectively. In
Eq. 6, Ni are the basis functions and Nu, Np, Nτ , and Nγ̇

determine the order of polynomials to approximate u,
p, τ , and γ̇ . The choice of respective polynomial orders
must satisfy the Berzzi–Babuska condition, i.e., Np = 1
as Nu = 2 in our study. Earlier studies (Guenette 1995;
Grillet et al. 1999) have shown that the optimum set
of polynomial orders for the other variables is then
Nτ = Nγ̇ = 1. In the other words, u is discretized using

biquadratic basis functions and τ , p, and γ̇ are approx-
imated by bilinear functions.

Both slip and symmetry boundary conditions have
been used. In particular, we introduce a slip velocity
uslip so that the velocities on the sidewalls obey u · t =
uslip and u · n = 0, where t and n represent unit vectors,
respectively, tangent and normal to the boundary walls
in the laboratory frame defined in Fig. 1. In addition,
the in- and outflow channel centerline velocities to-
gether with the τxy component of the stress tensor are
set to zero due to symmetry. At the channel inlet, the
velocity profile (uy = uy(x) and ux = 0) and the neces-
sary components of the stress tensor are specified by
assuming a fully developed flow. At the exit, a fully de-
veloped velocity profile (ux = ux(y) and uy = 0) is also
specified. For most nonlinear constitutive equations,
such as the Giesekus model, analytical solutions are
not available even under fully developed conditions.
Thus, the fully developed inlet and outlet boundary
conditions were generated numerically in a mesh with
the same number of nodes and node locations as the
mesh used in the inflow and outflow channels of the
flow computations.

Due to the inherent symmetry of the flow channel,
the computational domain is restricted to one quarter
of the flow domain, as shown in Fig. 1. In order to
check the accuracy of the calculations, we have selected
three structured meshes based on the same topology
as illustrated in Fig. 2. The mesh with the lowest dis-
cretization in Fig. 2a was chosen to ensure convergence
of the solution in the fully developed region of the
inlet and outlet channels. In all meshes, the nodes were
pushed towards the walls in order to capture the sharp
velocity and stress gradients in these regions. In addi-
tion, nodes were positioned to guarantee a satisfactory
discretization near the stagnation point while avoiding
drastic size differences between nearby elements. The
finer meshes in Fig. 2b, c were designed to provide

Fig. 1 Schematic view of the computational domain
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Fig. 2 Finite element meshes
with a 3,492, b 4,500, and
c 6,400 elements

refinements in the regions where oscillations in stresses
were observed at lower discretization levels.

The full system of discretized equations is solved us-
ing a frontal solver Newton–Raphson iteration method.
Details of this method can be found in Talwar and
Khomami (1992). In the Newton–Raphson method,
convergence is ensured if the initial guess is sufficiently
close to the exact solution. To ensure a good initial
guess, we have used the Weissenberg number Wi as
the continuation parameter in our calculation. To do
so, Wi was first set to zero and the linear Newtonian
flow problem was solved. Next, the solution of this
calculation was used as a guess for the next Wi number.
Increments of 0.01 to 0.25 were used to capture the
solution up to Wi equals 29. The convergence criterion
used in the Newton–Raphson scheme is

∑e
i=1 a2

i ≤
10−6, where a2

i = (ak+1
i − ak

i )
2 and ak

i represent the
value of the unknown expansion coefficients ui, pi, Ti,
and γ̇ i at the kth iteration.

Experiment

Experimental methods

A complete description of the flow geometry and lu-
brication technique can be found in Soulages et al.
(2007). The experimental geometry is shown in Fig. 3.
The channel consists of four transparent arms of length
50 mm, which are made visible using flush-mounted
glass viewing windows (Schott SF-57, 8 mm thickness).
The width and height of the flow cell equal 12 and
6 mm, so that its aspect ratio is 0.5. In the vicinity of
the stagnation point, rounded corners with a radius of
3 mm ensure a smooth transition between the channel
in- and outlets. At each arm entrance, a set of two
opposite oil slits delivers the lubricant (silicone oil) at
a constant volumetric flow rate. The lubricant flow rate
can be optimized at any time during an experiment
using birefringence and particle tracking velocimetry
measurements, and the oil pressure is monitored so that

planar conditions can effectively be reached. The lubri-
cant is dragged along the glass windows by the incoming
polymer streams, resulting in an oil film whose thick-
ness is of the order of several microns. The two opposed
polymer melts impinge in the middle of the flow cell
and exit the channel through its two horizontal arms.
The entire channel is fixed to a computer-controlled
XY-translation stage so that flow birefringence can be
measured in the channel transparent section.

In our study, the stress field is obtained from point-
wise flow-induced birefringence measurements (Fuller
1995). The optical train is visible in Fig. 3 and is iden-
tical to Galante (1991). This technique is based on a
polarization modulation method, which is thoroughly
described in Soulages (2007). It allows a direct mea-
surement of the retardation δ and extinction angle χ

of the birefringent polymer melt within the laser beam
diameter of 120 μm. The dc component (Idc) of the
modulated light intensity collected at the detector is
measured by means of a low pass filter. The first and
second Fourier components (Iω and I2ω) are sampled

Fig. 3 Experimental setup: the cross-slot flow channel is attached
to an XY-translation stage whereas the flow-induced birefrin-
gence optical elements are mounted on a fixed stone support
plate
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Fig. 4 Storage (open symbols) and loss (full symbols) moduli
at 170 ◦C together with the calculated spectrum predictions
(full lines)

using two lock-in amplifiers. After the experimental
determination of the calibration constants (J1 and J2),
the ratios of the Fourier components to the dc intensity
make it possible to define optical signals that directly
relate the optical properties to the sample retardation δ

and extinction angle χ , i.e.,

Rω = − Iω

2J1 Idc
= sin(δ) cos(2χ),

R2ω = I2ω

2J2 Idc
= sin2

(
δ

2

)
sin(4χ). (7)

Equation 7 only involves trigonometric functions of χ

and δ. In practice, polymer melts show very large levels
of birefringence with retardations δ often exceeding
2π . Except in the fully developed region, we could
not accurately determine the number of multiples of
2π . That is why we have restricted our comparisons to
the optical data of Eq. 7 in which χ and δ could be
numerically computed from the simulated stress tensor
using the stress-optical rule, i.e.,

χ = 1

2
tan−1

(
2τxy

τxx − τyy

)
, δ = 4πdC

λ

τxy

sin(2χ)
, (8)

where the x axis is aligned along the flow direction in
Fig. 1, λ is the wavelength of the light beam, d is the
channel thickness, and C is the stress-optical coefficient.
This coefficient was set to C = 1.7 × 10−9 Pa−1, as de-

termined in Soulages (2007). For polymer melts, the
validity of the stress-optical rule has extensively been
shown in shear flows (Janeschitz-Kriegl 1983; Wales
1976; Rajagopalan et al. 1992). Recently, the validity
of the stress-optical rule has also been confirmed in
uniaxial elongational flows, for applied stresses not
exceeding 1 MPa (Venerus et al. 1999; Luap et al.
2005, 2006). Beyond this value, the failure of the rule is
often associated to the chain finite extensibility (Kröger
2004), but the critical stress levels are generally not
accessible in practice (Kröger et al. 1997).

The velocity field in the fully developed inflow re-
gion of the flow cell is obtained from particle track-
ing velocimetry measurements to allow determination
of the slip velocity at the channel lateral walls in
Section “Determination of the slip velocity”. Tracer
particles mixed with the polymer melt are illuminated
from the front so that the marker displacements can be
tracked as a function of time and imaged onto a CCD
camera (Soulages 2007).

Test fluid rheological characterization

Our test fluid is a commercial-grade, low-density poly-
ethylene (LDPE 1810H from Basell) fully character-
ized in both shear and extension. An 11-mode Giesekus
model has been used to describe the fluid rheology as
it provides a good fit to the rheological measurements.
The linear parameters for each mode ηi and λi are
determined based on the linear viscoelastic response.
The linear viscoelasticity has been measured at 170 ◦C
in cone-and-plate geometry (50 mm, 4 ◦) using a stress-
controlled shear rheometer (Paar Physica, model UDS
200). The relaxation spectra shown by solid lines in
Fig. 4 were calculated using the Iris program (Winter
and Mours 1990–2004). The method of spectra calcula-
tion can be found elsewhere (Baumgärtel and Winter
1989). The discrete relaxation time spectrum is given in
Table 1. The nonlinear parameters αi are obtained by
fitting the model predictions to the steady shear data,
namely, the shear viscosity and the first normal stress
difference as illustrated in Fig. 5, and to the uniaxial
extensional viscosity data shown in Fig. 6. The steady
shear data in Fig. 5 were measured at 170 ◦C in cone-
and-plate geometry (50 mm, 8.5 ◦) using a mechanical

Table 1 Giesekus parameters: ηi, λi, obtained from linear viscoelasticity data and αi from steady shear and transient uniaxial
extensional data

Mode (i) 1 2 3 4 5 6 7 8 9 10 11

ηi (Pa s) 60.900 62.213 159.691 496.439 711.020 1,333.339 2,462.8 3,471.9 5,545.3 3,310.3 5,111.1
λi (s) 0.0005 0.0016 0.0051 0.0166 0.0534 0.1718 0.5522 1.7750 5.7080 18.3500 59.0000
αi 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.3 0.25 0.2 0.05
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Fig. 5 Steady shear viscosity (open circle symbols) and first
(full circle symbols) and second (full square symbols) normal
stress difference at 170 ◦C together with the Giesekus model
predictions (open square symbols for the second normal stress
difference and full lines for the shear viscosity and the first normal
stress difference)

spectrometer (Rheometric Scientific, model RMS 800)
equipped with a force rebalance transducer and in-
house electrically heated tools (Meissner et al. 1989).
For the second normal stress difference measurements,
a cone-partitioned plate geometry was used. A de-
tailed description of this technique can be found in
Pollett (1995), Meissner et al. (1989), and Schweizer
(2002, 2003). The uniaxial extensional viscosity data in
Fig. 6 were collected at 170 ◦C using a RME rheometer
(Meissner and Hostettler 1994; Schweizer 2000) for
Hencky strain rates ranging from 0.01 to 1 s−1. The
Giesekus model parameters were obtained by mini-
mizing the weighted least squares of the deviations of
the model predictions from the experimental measure-

Fig. 6 Uniaxial extensional viscosity (open symbols) measured at
170 ◦C together with the Giesekus model predictions (full lines).
Hencky strain rate range: 0.88, 0.25, 0.1, 0.028, and 0.00971 s−1

ments. The resulting model parameters are summarized
in Table 1. The polymer mean relaxation time λ was
measured from creep tests at 170 ◦C performed in a
cone-and-plate geometry (30 mm, 4 ◦) at a constant
shear stress of τ0 = 8 Pa using a stress-controlled rota-
tional shear rheometer (Anton Paar - Physica, model
MCR 300). The mean relaxation time equals λ = 16.5 s.

Results

Determination of the slip velocity

The computational results with no-slip boundary con-
ditions at the channel lateral walls did not compare
favorably with the experimental results even in the fully
developed region, as shown in Fig. 7a. Upon further
examination of the experimental cross-slot flow, it was
determined that some of the lubricant used to coat
the transparent windows of the flow cell had migrated
towards the brass solid walls, giving rise to a fully
developed encapsulated flow. Hence, all solid surfaces
in the experimental setup are lubricated with a very
thin lubricant layer of the order of several microns.
Therefore, we had to incorporate this effect into our
computations in order to better capture the experimen-
tal flow conditions. The simplest way to do so was to
introduce a slip velocity uslip at the channel sidewalls.

In the fully developed region of the flow cell, the
polymer kinematics were derived from particle tracking
velocimetry measurements. However, it was especially
difficult to obtain reliable results close to the channel
solid boundaries because of parasitic light reflections at
the brass sidewalls making the marker recognition dif-
ficult. Hence, the slip velocity could not be experimen-
tally determined at the channel lateral walls. Therefore,
we have numerically simulated results for different slip
velocities in order to determine their optimum value for
each Weissenberg number.

The optimum slip velocity was obtained via a re-
gression analysis by minimizing the overall differences
between the computed and measured velocity (Fig. 7a)
and stress fields (Fig. 7b, c) in the channel fully devel-
oped region. Following this procedure, the best agree-
ment was found for slip velocities of 5.6 and 6.1 mm/s
at Wi = 21 and 29, respectively. It should be noted that
the assumption of a uniform slip velocity in the fully
developed region is quite reasonable, as the thickness
of the lubricant layer is expected to remain nearly
constant. However, one would expect variations in the
lubricant thickness around the rounded corners next
to the stagnation region. Since the lubricant reflections
prevent us from measuring a reliable slip velocity at
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Fig. 7 a Velocity profile, b shear stress profile, and c normal
stress profile at Wi = 21 in the channel fully developed inflow
region: experimental data (open circles) and computational re-

sults using no-slip (solid line) and slip (dotted line) boundary
conditions with a slip velocity of uslip = 5.6 mm/s

the channel lateral walls, we have used a constant slip
velocity all along the sidewalls. As a regression tech-
nique has been used to obtain the optimum slip velocity
uslip, it is highly relevant to assess the influence of small
changes in the slip velocity on the predicted stress and
velocity profiles. Figure 8a–c shows the different veloc-
ity and stress profiles for variations in the slip velocity
of 0.1%, 0.5%, 1%, and 5% at a Weissenberg number
of Wi = 21. It can clearly be seen that differences in the
velocity and stress profiles in the fully developed region
of the flow cell become visible for variations in the slip
velocity of the order of 0.5%.

Results at Wi = 21

In order to evaluate the fidelity of the Giesekus model
in modeling the mixed kinematics flow of our test
fluid, we have focused our data analysis on various
locations in the inflow (y/H = 0.2, 1.5, and 5) and
outflow (x/H = 0.2, 1.5, and 5) channels as represented
by the cross-slot schematic view in Figs. 9 and 10.
These locations have been chosen to assess the ability
of the Giesekus model to capture the flow behavior in
simple shear, mixed kinematics, and planar extension.
Figure 9a shows the experimental and computational
optical results in the inflow channel arm. Because of the
lubricant light reflections leading to unreliable exper-
imental optical results at the channel edges, the data

presented in Figs. 9 and 10 are restricted to the range
−0.6 � x/H � 0.6 and −0.6 � y/H � 0.6.

At y/H = 5 (open triangle symbols), the model
provides a good prediction of both the Rω and R2ω

optical signals. This agreement is expected as the slip
velocity has been chosen by matching the stress and
velocity profiles in this region of the flow cell. The
slight differences observed between the predicted and
experimental values are due to the fact that the slip
velocity was obtained by minimizing the overall devi-
ations between the measured and computed velocity
and stress fields. At y/H = 1.5 (filled square symbols),
a good agreement is also found between the optical
and model data. Thus, in the mixed kinematics region,
where the polymer melt extensional thickening is not
very pronounced, the Giesekus model is successful in
predicting the flow dynamics. However, in the region
of planar extensional flow at y/H = 0.2 (open circle
symbols), the model predictions, although reasonable,
are not quantitative. Specifically, the magnitude of os-
cillations in Rω close to the stagnation point that result
from rapid change of stresses and the corresponding or-
der change of the retardation angle is not captured ac-
curately by the simulations. Moreover, the R2ω optical
signal is underpredicted. However, it should be noted
that the quality of the experimental data in this region
of the channel is not very good. In particular, oil film
reflections together with multiple orders of retardation
occurring within the cross section of the laser beam

Fig. 8 Kinematics and stress
variations caused by minor
changes in the optimum slip
velocity, i.e., uslip = 5.6 mm/s.
a Velocity profile, b shear
stress profile, and c normal
stress profile in the fully
developed region at Wi = 21

a)              b)        c)  
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Fig. 9 Comparison between the experimental birefringence data
and the viscoelastic flow simulation for Rw and R2w using the
Giesekus model in the a inflow and b outflow channels at Wi =
21 (wall shear rate at the channel entrance = 2.4 unit; extension
rate at the stagnation point = 1.2 unit). Data presented at x/H or
y/H = 0.2 (circles), 1.5 (squares) and 5 (triangles)

make the experimental results questionable. In the out-
flow channel (see Fig. 9b), although the simulations are
successful in qualitatively predicting the flow behavior
at x/H = 0.2, the predictions along the channel cen-
terline are not very accurate. This underlines the fact
that the stress relaxation is not qualitatively captured
by the simulations. Moreover, the R2ω predictions in
the outflow channel are qualitative at best.

Results at Wi = 29

Figure 10a, b depicts the experimentally measured and
computed optical signal distribution at a Weissenberg
number of Wi = 29 in the inflow and outflow channels,
respectively. The quality of the predictions in the inflow
channel is very similar to those obtained at Wi = 21, ex-
cept for y/H = 0.2. At this location, the model predic-
tions are not as accurate as their Wi = 21 counterpart.
Although the experimental R2ω optical signal is quali-
tatively captured by the model, large discrepancies are

a) inflow
Wi = 29

b) outflow
Wi = 29

x/H x/H

y/H y/H

y/H y/H

Giesekus model
Experiment

Giesekus model
Experiment

Giesekus model
Experiment

x=0.2

x=1.5 x=5.0

Fig. 10 Same as Fig. 9 for Wi = 29 (wall shear rate at the channel
entrance = 3.3 unit; extension rate at the stagnation point =
1.7 unit)
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Fig. 11 Comparison between optical properties (Rw and R2w)
that were measured experimentally (circles), calculated by
Lagrangian streamline integration based on measured kinemat-
ics (solid line), and determined with self-consistent simulations
(dash-dot-dotted line). The data are presented along streamlines
A, B, and C at Wi = 21

observed for the Rω optical data. The Giesekus model
deficiency in predicting the experimental data at this
Wi number becomes even more evident in the outflow
channel. In Fig. 10b, the experimental data predictions
are poor at x/H = 0.2. In particular, the number of
peaks in the measured optical signals is not accurately
predicted by the Giesekus model. This discrepancy
is not observed at x/H = 1.5, where the number of
peaks is the same as the experimental data. The Rω

predictions at x/H = 5 are similar to those at Wi =
21. It should be mentioned that the effect of multiple
retardation orders at length scale of the beam diameter
becomes even more visible at this Weissenberg number,
where a significant stress boundary layer is formed near
the stagnation point. That is why the averaged optical
properties measured using the existing experimental

setup are questionable. Therefore, the disagreement
observed between the measured and computed quan-
tities at Wi = 29 cannot be solely attributed to the
inadequacy of the Giesekus model.

Analysis along selected streamlines

To shed additional light on the source of the dis-
crepancy between the experimentally measured opti-
cal properties and those of self-consistent numerical
simulations, we have performed Lagrangian integra-
tion based on measured kinematics to determine the
stress and, in turn, the optical properties along selected
streamlines. Overall, there is relatively good agreement
between the self-consistent simulation results and the
Lagrangian computations. However, it should be noted
that, near the stagnation point and in the extension-
ally dominated flow regime, the self-consistent simula-
tions provide a better description of the experimental
data (see Figs. 11 and 12). This comparison further
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underlines the fact that the discrepancy between the
computational result and experimental findings in the
extensionally dominated flow regime can be mainly
attributed to the inaccuracy of the experimental data in
this regime. Specifically, the stresses and optical prop-
erties cannot be measured accurately due to multiple
order effects on the length scale of the beam diameter,
and accurate kinematics measurements are not possible
due to significant light reflection from the lubricant oil.

Conclusion

Numerical simulations of a well-characterized, branched,
low-density polyethylene melt in a lubricated cross-slot
channel geometry have been performed for a range of
Weissenberg numbers. Due to the fact that all the side
walls of the cross-clot rheometer are lubricated, com-
parison of the experimental flow birefringence mea-
surements had to be made with self-consistent 2D
flow simulation with an optimum slip velocity. Based
on these comparisons, it can be concluded that the
Giesekus model can accurately predict the flow char-
acteristics at Wi = 21. However, the model predictions
Wi = 29 remain qualitative at best. The discrepancy
between the numerically predicted and experimentally
measured optical properties cannot be solely attributed
to the inadequacy of the constitutive model, as the
current experimental protocol is ineffective near the
stagnation point, as well as along the plane of symmetry
in the outlet channel. The limitation of the current
experimental technique stems from multiple orders of
retardation within the cross section of the laser beam
and oil film reflections occurring close to the stagnation
point. Overall, this study has clearly demonstrated the
potential of this approach to accurately determine the
kinematics and stresses in a 2D flow geometry that can
be used to evaluate the fidelity of constitutive equations
or mesoscopic models of polymer dynamics in mixed
kinematic flows. To make this promise a reality, im-
provements in the experimental method are required.
These would involve a new oil delivery design together
with a reduction of the laser beam dimensions, as well
as more advanced data analysis strategies.
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