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A combination of self-consistent field theory and density functional theory was used to examine
the effect of particle size on the stable, 3-dimensional equilibrium morphologies formed by diblock
copolymers with a tethered nanoparticle attached either between the two blocks or at the end of
one of the blocks. Particle size was varied between one and four tenths of the radius of gyration
of the diblock polymer chain for neutral particles as well as those either favoring or disfavoring
segments of the copolymer blocks. Phase diagrams were constructed and analyzed in terms of
thermodynamic diagrams to understand the physics associated with the molecular-level self-assembly
processes. Typical morphologies were observed, such as lamellar, spheroidal, cylindrical, gyroidal,
and perforated lamellar, with the primary concentration region of the tethered particles being
influenced heavily by particle size and tethering location, strength of the particle-segment energetic
interactions, chain length, and copolymer radius of gyration. The effect of the simulation box
size on the observed morphology and system thermodynamics was also investigated, indicating
possible effects of confinement upon the system self-assembly processes. C 2015 AIP Publishing
LLC. [http://dx.doi.org/10.1063/1.4921961]

I. INTRODUCTION

The design of microporous thin films is an emerging
area of technology with great potential to address many
outstanding applications in the areas of energy conversion
and storage, filtration technology, targeted drug delivery,
biosensors, microscale separation processes, etc. For example,
the microporous perfluorosulfonic acid membrane Nafion is
a well-studied material that has been in use for 50 years by
the fuel cell research community in spite of the fact that it has
severe limitations in terms of maximum conductance capacity,
mechanical and thermal stability, and hydration level.1–3 The
primary reason for the ubiquitous use of Nafion is simply that
in all these 50 years, nothing substantially better has been
discovered.

Until relatively recently, the development of novel mem-
brane materials has been rate-limited by the process of
experimental determination, i.e., the reliance on physical
intuition to guide trial-and-error experimentation of potential
new membrane materials. This involves lengthy and time
consuming chemical syntheses, membrane production, and
physical testing. During the past 20 years, however, a combi-
nation of experimentation, theory, and simulation has been
applied to understanding the key physical principles involved
in membrane formation, with the result being a growing body
of knowledge regarding the self-assembly of microporous
media. Theoretical advances have led to new simulation
algorithms as well as adaptation of older techniques, such

a)Author to whom correspondence should be addressed. Electronic mail:
bje@utk.edu

as Monte Carlo,4,5 molecular dynamics,6,7 dissipative particle
dynamics,8,9 self-consistent field theory (SCFT),10–12 and
hybrid field theory,13,14 to the study of microporous membrane
formation.

Microporous membranes composed of homopolymers
with functional side-chains, such as Nafion, are often
application-limited by their mechanical and thermal stability,
irregular pore microstructure, hydration capacity, and so on.
Diblock copolymers, in which the two blocks are composed of
mutually immiscible monomeric segments, offer one avenue
of progress on account of the wide range of thin film
morphologies that can be formed due to the microphase
separation that results from the chemical tethering of the
blocks.10–12,15–18 This separation occurs in response to a
delicate balance between the enthalpic driving force of the
constituent copolymer blocks to phase separate and their
inherent entropic driving force to avoid extended chain
configurations. A few examples that illustrate the breadth
of possible thin-film morphologies are lamellar phases (both
parallel and perpendicular to the film width) of alternating
blocks, hexagonally packed cylindrical structures formed by
one of the copolymer blocks surrounded by a matrix phase
of the other block, spheroids of one block surrounded by the
other, and more.10–12,15–21 The key advantages of these diblock
membranes over homopolymer derivatives are the regular pore
structure and size, as well as the ability to choose the blocks of
the copolymer to suit particular applications; i.e., the matrix
phase polymer can be chosen to provide thermal or mechanical
stability to the membrane and impermeability, whereas the
minority phase component can be tuned to the desired
physiochemical properties of the membrane. Furthermore, the
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minority phase polymer can be so chosen such that it can be
thermally or chemically degraded without affecting the matrix
phase, thus creating a porous network within a mechanically
and thermally stable, impermeable thin film.22,23 The size and
surface charge density of these pores can be controlled by a
suitable choice of immiscible copolymer blocks and variations
of the relative length of each block.

Self-assembly of block copolymers (BCP) with nanoparti-
cles (NP) provides an even more promising means to construct
high-performance membranes, since the BCP-NP system can
not only self-assemble into an enormous range of interesting
nanoscale morphologies4,5,8,9,13,14,22,24–31 but also allows for
the possibility of tailoring the physiochemical properties of
the microphase structure to enhance or modify key elements
of the membrane functionality, such as conductivity and ionic
selection and exclusion. Composites of nanoparticles and
copolymers lead to the self-assembly of a diverse array of
complex mesophases, depending on factors such as particle
size, chemical properties of the particles and blocks, and
volume fraction of a given block.28–31

In most research carried out to date, the copolymer/
nanoparticle systems have been primarily composite systems,
i.e., mixtures of particles and the diblock copolymers.
Recently, BCP-NP systems have been studied in which
the nanoparticles have been chemically tethered to the
copolymer.23,32–35 This incorporates an additional constraint
into the self-assembly of membrane morphology since the
particle contributions to the free energy of the system
help to direct the formation of the microstructure of the
material; i.e., the nanoparticles are directly associated with
the entropic configurational arrangements of the copolymer
block segments, rather than merely energetically (either
actively or merely through screening opposite copolymer
block segments). In other words, the particles cannot simply be
pushed into membrane regions which minimize the energetic
interactions between the blocks of the copolymer but must
be accommodated in the entropic self-assembly process as
part of the copolymer chain. This can result in additional
interesting morphologies with more regular patterning (with
respect to particle density) than BCP-NP composites without
particle/chain tethering.32–35

Researchers have studied self-assembled BCP-NP sys-
tems for both inorganic (Si and Au) and organic (polyhe-
dral oligomeric silsesquioxane, POSS) molecules.36,37 The
polystyrene-capped gold BCP-NP has been studied in both
aqueous and organic media for a wide range of chain lengths.
These studies showed that a fairly uniform particle distribution
could be produced throughout the film.37 A block copolymer
tethered with POSS can form arrays of cylindrical channels,
with radii of approximately 9 nm, by spin coating on a silicon
substrate and then exposing to solvent vapor.23 The location
and orientation of nanoparticles within the polymer matrix can
also be controlled by their selectivity and size, opening up a
wide range of potential applications.26

To meet the numerous and demanding technological
applications of thin film membranes, it will ultimately be
necessary to possess the capability to tailor specific membrane
morphologies using theoretical methods and simulations. For
example, in nanofiltration membranes, one must be able to

control not only the size of the pores but also their charge
(Donnan) exclusion via surface charge density, the latter of
which is predominantly controlled by the nanoparticles. Much
experimental effort is currently being expended in this area
following the intuitive pathways described above, but very
little theoretical guidance is available to allow a systematic
approach toward future directed membrane self-assembly.

The real-space SCFT is a powerful technique that has
proven successful for discovering and predicting morphol-
ogies of complex copolymers, both in bulk and in solution.
Thompson et al. have developed a “self-consistent field
theory coupled with density functional theory (SCFT/DFT)”
approach that combines self-consistent field theory for the
blocks with density functional theory (DFT) for the nanopar-
ticles to examine hybrid composite morphologies.28,29 Recent
theoretical research along these lines has demonstrated that
these BCP-NP systems can self-assemble into a variety of
interesting morphologies with variable particle distributions
concentrated at the interfaces between the distinct polymer-
rich regions of the self-assembled structure.5,13,14,29,30,33 Teth-
ering neutral nanoparticles to one end of the BCP chain directs
additional self-assembled structures, including several types
of micellar structures, such as rod-like micelles, vesicles, and
sphere-like micelles.14,30–32,34

Zhu et al.34 performed primarily 2-dimensional simula-
tions of BCP-NP systems with a nanoparticle tethered to one
end of the BCP chain. Two cases were studied, one in which
the particles were neutral to both blocks of the BCP and
one in which the particles disfavored both of the blocks. In
cases where a neutral nanoparticle (P) was tethered to the B
block of an AB copolymer, three distinct long-range ordered
structures were observed. At constant particle radius, when
the volume fraction of the A block ( f A) was low, the ABP
molecules packed into a hexagonal array of A-rich cylinders
surrounded by a B-rich matrix, which preferentially contained
the majority of the particles. At intermediate values of f A,
lamellar phases were formed, again with the nanoparticles
preferentially located within the B-domains. At high values
of f A, a narrow region of B-rich cylinders was present, and
again the nanoparticles were mostly confined to the B-rich
domains (i.e., the cylinders). Changing the particle radius
had no effect on the qualitative characteristics of the phase
diagram, although increasing particle size tended to narrow
the f A-range of all three ordered phases. When the interactions
of the nanoparticles were unfavorable to both blocks of
the copolymer, a wider range of ordered structures was
observed, such as morphologies where the particles formed
hexagonal arrays of cylindrical domains within a matrix of
the AB copolymer and lamellar structures where particle-rich
cylinders were located within the B-rich domains.

Zhang et al.35 performed fully 3-dimensional simulations
of BCP-NP systems with nanoparticles tethered either at the
end of one of the blocks (similarly to Zhu et al.34) or at the
juncture between the two blocks. Five different cases were
examined, both for neutral particles and ones that energetically
favored or disfavored the segments of one or both blocks. Four
morphologies dominated the phase diagrams of the various
cases, primarily being the disordered, lamellar, cylindrical,
and spheroidal geometries. Depending on the relative lengths
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of the blocks, either block could be manipulated into either
the matrix or geometric (minority) phase. Furthermore, a
semi-precise control over the dimensions of the various
geometries could be achieved, such as the cylinder radius
and the hexagonal packing dimension of the cylindrical phase.
Specific concentrations of the nanoparticles at the interfaces or
within the geometric phase could also be achieved via control
of the energetic interactions between the nanoparticles and the
block segments. Free energy, internal energy, and entropy plots
were made for each case, which were then used to rationalize
the self-assembled morphology based on chain configuration
and energetic interactions between dissimilar chain segments
and nanoparticles. All of this behavior was observed for a
single diameter particle; i.e., one very important and easily
controllable variable was held fixed in these simulations.

The purpose of this article is to extend the suite of
simulations performed in the paper of Zhang et al.35 in order
to study the effect of particle size in fully 3-dimensional
geometries to discern not only the effect of particle size on the
observed morphology but also to understand the microscale
physics of the self-assembly process in terms of the system
free energy, internal energy, and entropy. Similar cases of
tethered nanoparticle/copolymer systems are examined as in
the previous work using a combination of self-consistent
field theory and density functional theory, as described by
Thompson et al.28,29 The nanoparticles are allowed to interact
(via a standard interaction potential) with either or both blocks
of the copolymer, and the stable equilibrium morphologies

are obtained via a suite of 3-dimensional simulations. Phase
diagrams of the equilibrium morphologies are constructed,
of a similar nature to those of Zhang et al.,35 for several
values of the particle radius (RP) ranging from 0.1 to 0.4
Rg , where the symbol Rg represents the radius of gyration
of the diblock copolymer chain. The thermodynamics of the
self-assembly process are also evaluated to aid understand-
ing of the configurational interactions that lead to varying
morphologies observed in the simulations for the various
cases.

II. SIMULATION METHODOLOGY

We applied the real-space SCFT/DFT28,29 to simulate the
BCP-NP systems studied in this work. In general, a suite
of simulations was performed for systems of B-end-tethered
(ABP) and center-tethered (APB) particles with ranges of radii
(RP ∈ [0.1,0.4Rg]), volume fraction of the A segments ( f A
∈ [0.20,0.80]), and interaction parameters (χAPN = χBPN
∈ [0,20]), where χiPN is the Flory/Huggins-type interaction
parameter between the particles and the ith block segments
multiplied by the chain length, which includes both neutral
and strongly interacting particles. Exact details of the systems
examined will be described below.

The dimensionless Helmholtz free energy of the system
(relative to NCkBT , where NC is the number of chains, kB is
Boltzmann’s constant, and T is the absolute temperature) is
expressed as

F = − ln
(

Q
V

)
+

1
V


dr [χABNφA (r) φB (r) + χAPNφA (r) φP (r) + χBPNφB (r) φP (r)

−wA (r) φA (r) − wB (r) φB (r) − wP (r) ρP (r) − ξ (r) (1 − φA (r) − φB (r) − φP (r)) + ρP (r)ψHS

(
φP(r)

)
. (1)

In this expression, φi (r) (i = A, B, or P) is the local volume
fraction of the A-block, B-block, or the particles, respectively,
and ρP (r) is the particle center distribution. χABN is the
interaction parameter between the A and B block segments
of the copolymer. The chain length was set to N = 200
segments. The ξ (r) is a Lagrange multiplier that is used to
ensure that the incompressibility condition is satisfied. The
local particle volume fraction, φP (r), and weighted nonlocal
volume fraction, φP (r), are calculated as

φP (r) = 1 − f
VR


|r′|<RP

dr′ρP (r + r′) , (2)

φP (r) = 1 − f
V2R


|r′|<2RP

dr′ρP (r + r′) . (3)

In the above expressions, VR and V2R are the volumes of
spheres of radii RP and 2RP, respectively. ψHS quantifies
the steric repulsion of the particles according to a modified

Carnahan-Starling equation for a hard-sphere fluid,38

ψHS

(
φP

)
=

4φP(r) − 3φP(r)2(
1 − φP(r)

)2 . (4)

The hard-sphere fluid described by this equation is rather
limited in scope, primarily being limited to solid particles with
very little surface flexibility, such as metallic nanoparticles
which were investigated in previous work.34,35 There are other
potentials that could be used in a similar treatment, such as
potentials for core-shell nanoparticles,39 but care needs to be
exercised for these soft particle systems with respect to the
surface integrations, discussed below.

The symbol Q in Eq. (1) is the system partition function
of the entire chain, including the particle, and is defined as

Q =


dr q (r, s) q+ (r, s) , (5)

where q (r, s) and q+ (r, s) are the forward and backward prop-
agators of a polymer chain, respectively, which are interpreted
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as the probabilities of finding a segment, s, at position r,
with the particle viewed as an additional chain segment. This
is slightly different than the approach of Ginzburg,40 who
separated the contribution of the grafted particles to the overall
partition function since, in that work, the particles were grafted
onto oligomeric ligands and not the polymer chains per se. The
propagators are introduced according to a Markov process and
satisfy the modified diffusion equations25

∂

∂s
q (s,r) = ∇2q (s,r) − wiq (s,r) , (6)

∂

∂s
q+ (s,r) = −∇2q+ (s,r) + wiq+ (s,r) . (7)

The wi in Eqs. (1), (6), and (7) are the self-consistent field
potentials of components i = A,B,P. Denoting the overall
volume fraction of the copolymer as f , the wi in Eqs. (6)
and (7) is wA if 0 < s < f · f A, and wB if f · f A < s < f .
The overall volume fraction of the particles is determined
based on the radius of the particle size being simulated
as fP = 0.0009, 0.0079, 0.026, and 0.0602 for the particle

radii of 0.1, 0.2, 0.3, and 0.4 Rg , respectively. A continuity
relationship can then be used to calculate the overall volume
fraction of component B: f · ( f A + fB) + fP = 1. The initial
condition of Eq. (6) is q (0,r) = 1 for both the ABP and
APB systems, whereas the initial condition of Eq. (7) is
q+ ( f ,r) = 

dn exp
�
−wp (r + RPn)� for the ABP system and

q+ ( f ,r) = 1 for the APB system. Note the implication that the
particles are firmly grafted onto the polymer chains; i.e., they
are effectively constrained to the role of an additional segment
of the overall chain in this work or a ligand in previous work.40

It is therefore necessary to consider the orientation of the
tethering point at the particle surface. The symbol n denotes
a unit vector, which specifies the direction from the surface of
a particle to its adjacent segment of the copolymer chain. A
surface integral thus quantifies an orientational probability of
the tethering location, as in Eqs. (8c) and (8d).

Minimizing the Helmholtz free energy with respect
to the mean fields and densities (wA (r) , wB (r) , wP (r),
φA (r) , φB (r) , ρP (r), and ξ (r)) yields the SCFT/DFT equa-
tions,

φA (r) = V
Q

 f · fA

0
ds q (s,r) q+ (s,r) , (8a)

φB (r) = V
Q

 f

f · fA
ds q (s,r) q+ (s,r) , (8b)

ρP (r) = V
Q

exp (−wP (r))


dn q ( f ,r + nRP) , (ABP) (8c)

ρP (r) = V
Q

exp (−wP (r))


dn q ( f · f A,r + nRP) q+ ( f · (1 − f A) ,r + nRP) , (APB) (8d)

wA (r) = χABNφB (r) + χAPNφP (r) + ξ (r) , (8e)
wB (r) = χABNφA (r) + χBPNφP (r) + ξ (r) , (8f)

wP (r) = ψHS

(
φP(r)

)
+

1 − f
V2R


|r′|<2RP

dr′ρp(r′ + r)ψ ′ (φP(r + r′))
+

1 − f
VR


|r′|<RP

dr′[χAPNφA(r′ + r) + χBPNφB(r′ + r) + ξ(r′ + r)], (8g)

φA (r) + φB (r) + φP (r) = 1, (8h)

where

ψ ′HS

(
φP

)
=

dψHS(φP)
dφP(r)

. (9)

The general procedure for solving the SCFT/DFT system
of equations was described by Zhang et al.35 Summarizing,
simulations were performed in cubic boxes made up of
an equivalent number of cubic cells in each direction. In
general, the length of each cell dimension was held constant
at 0.109 Rg . Thus, the overall simulation volume was varied
ranging from (3.27Rg)3 to (5.232Rg)3, which corresponds to

the number of simulation cells ranging from 30 to 48 in
each direction. When necessary, the cell dimensions were
varied slightly (0.109 ± 0.01Rg) in order to differentiate
between different morphologies near their transition points.
Each simulation began with setting the initial local values of
φA (r) and φB (r) using a Gaussian random number generator,
whereas ρP (r) was uniform and ξ (r) was zero at all locations.
(In certain cases, a prescribed initial morphological condition
was specified to examine closely the free energy differences
of local minimum of comparable magnitudes.) Next, the
local particle volume fraction, φP (r), and weighted nonlocal
volume fraction, φP(r), were calculated via Eqs. (2) and (3),
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and the self-consistent field potentials wA (r), wB (r), and
wP (r) were obtained from Eqs. (8e)–(8g). The propagators
q (s,r) and q+ (s,r) could then be solved through diffusion
equations, (6) and (7), subject to periodic boundary conditions
in the three directions.41,42 Afterwards, the copolymer chain
partition function Q was calculated according to Eq. (5). The
next step evaluated φA (r), φB (r), φP (r), ρP (r), and φP(r)
using Eqs. (8a)–(8d), (2), and (3), respectively. Finally, the
potential fields wA (r), wB (r), wP (r), and ξ (r) were updated
using the simple mixing method, and the procedure was
iterated until the self-consistent field potential differences
between two consecutive iterations were smaller than 10−6.
The surface integrals in Eqs. (8c) and (8d) were carried out
via the mean-value theorem,


f (n)dn = f · S, where S is the

area of the surface of integration and f is the mean value
of f (n) over the surface. In the present case, f (n) is given
by the local particle density function. Since a particle center
is located at the center of a cell, it was assumed that the
surface area of the particle in each adjacent cell had a common
value. In this circumstance, an average particle density can be
calculated using the simulated value in each cell, which can
then be multiplied by the total surface area of the particle,
4πR2

p. This calculation was tested using an independent code
that calculated the local particle densities in adjacent cells
based on a randomly generated distribution with explicit area
counting in each cell. The two methods agreed with each other
within 5% of the total area in all cases.

III. RESULTS AND DISCUSSION

Results of the simulations are presented below in context
of four critical areas of practical interest necessary to under-
stand the physical effects of particle size on the self-assembly
processes of tethered-particle/block-copolymer systems. The
first phenomenon to be examined is the effect of particle size
and particle/block interaction strength on the critical point
where ordered phase formation first appears as a function
of the A-B interaction energy parameter, χABN . Second, the
effect of particle size and particle/block interaction strength on
the free energy of the overall system is studied, paying partic-
ular attention to its decomposition into energetic and entropic
contributions. Next, the variations in the morphological phase
diagrams of two systems studied by Zhang et al.35 in response
to changes in particle size are discussed, and finally, several
technologically important morphologies induced by particles
of different sizes are displayed along with their associated
density profiles.

A. Examination of the critical point
for the order/disorder transition

Table I displays the critical points for the disorder/order
transition of the morphological phase envelope at f A = 0.5 for
several cases of particle-block interaction parameters, χiPN ,
where i = A,B, for both B-end-tethered (ABP) and center-
tethered (APB) particle/copolymer systems. The critical point
is herein defined as the value of χABN in each specific case
at which the morphology of the system first switches from
a disordered phase to an ordered, lamellar microstructure as

f A is varied over the range [0.2,0.8]. To obtain a reasonably
objective and system-independent quantitative measure of the
critical value of χABN , we employed the somewhat arbitrary
criterion that the critical point occurs when the maximum
difference of φA (r) and φB (r) at any location within the
system is greater than 0.3, i.e., max |φA (r) − φB (r)| > 0.30.
This value was chosen based primarily on intuition gained
from past experience more than anything else, although
we also chose the value 0.3 based on the match between
the known values of χABN (∼10.5 to 11.0) for the tran-
sition point in the case of a pure A-B block copolymer
(i.e., without particles)43,44 and the (ABP) case of neutral
particles (χAPN = χBPN = 0) with RP = 0.1Rg , which was
the smallest value of radius examined herein. For the pure
A-B block copolymer, Leibler43 calculated a value of 10.5
for the transition. This value was confirmed by Fredrickson
and Helfand44 in the mean field limit (N → ∞), although
it increased as N decreased from the limit of infinite chain
length. As it turned out, however, the exact critical point value
calculated in this manner was for the most part independent of
the value chosen (i.e., 0.3) as long as it fell within the range of
f A ∈ [0.2,0.8], since φA and φB vary strongly near the critical
point, producing very steep transition functions.

In the absence of particles, the critical point occurs at
f A = 0.5, since this corresponds to the highest free energy
of interaction based on the maximum in the internal energy
which varies as the integral of the term χABNφA (r) φB (r)
and which quantifies the concept that the highest energy state
corresponds to the situation which contains the most repulsive
interactions, i.e., the case where the number of A and B
segments is the same. Keep in mind that although the A and
B segments experience repulsive interactions with each other,
from a statistical point of view they are equivalent, implying
that chain configurational entropy is constant irrespective of
the value of f A in the disordered phase; e.g., see Figure 2(a)
of Zhang et al.35 Consequently, the maximum in the internal
energy at f A = 0.5 determines the exact value of the critical
point. It corresponds to the point where the A-B repulsive
interactions become large enough to induce a transition to an
ordered phase, even though such an occurrence drastically
reduces the chain configurational entropy. In the presence
of particles, however, the value of f A is only approximately
0.5 since the particles contribute to the free energy of the
system through the integral of the additional energetic terms
χAPNφA (r) φP (r) + χBPNφB (r) φP (r) in Eq. (1). In other
words, given the continuity expression f ( f A + fB) + fP = 1,
the transition point is located in the general neighborhood of
f A ≈ 0.5 since fP ≪ 1.

For the ABP system, four cases were examined: the
first (case 1) was χAPN = χBPN = 0, corresponding to
neutral particles. Case 2 was given by χAPN = χBPN > 0,
corresponding to particles disfavoring both A and B segments,
as well as cases 3 and 4 where χAPN = −χBPN , 0, in
which the value of χAPN was both positive and negative,
corresponding to particles disfavoring A segments while
favoring B segments, and vice versa. In all cases, the absolute
value of χAPN was varied over the range of [0,20]. For center-
tethered particle chains (APB), only three cases were studied
due to the symmetry of the copolymer; hence the case where
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TABLE I. The critical points (quantified using the value of χABN at the disorder/lamellar transition) of the ABP
and APB systems at fA= 0.5. Error is believed to be less than ±0.05.

0 5 10 15 20

RP

�
Rg

�
±χAPN Critical points of the ABP system

0.1
χAPN = χBPN

11.0
11.0 11.0 11.0 11.0

χAPN =−χBPN 10.9 10.9 10.9 10.9
−χAPN = χBPN 11.0 11.0 11.0 11.0

0.2
χAPN = χBPN

11.1
11.1 11.1 11.1 11.1

χAPN =−χBPN 11.0 10.8 10.7 10.5
−χAPN = χBPN 11.3 11.4 11.6 11.7

0.3
χAPN = χBPN

11.5
11.5 11.5 11.5 11.5

χAPN =−χBPN 11.1 10.6 10.1 9.6
−χAPN = χBPN 11.9 12.3 12.7 13.0

0.4
χAPN = χBPN

12.2
12.1 12.1 12.1 12.0

χAPN =−χBPN 11.3 10.3 9.1 7.8
−χAPN = χBPN 12.8 13.4 13.8 14.0

Critical points of the APB system

0.1
χAPN = χBPN 10.9

10.9 10.9 10.9 10.9
χAPN =−χBPN 10.9 10.9 10.9 10.9

0.2
χAPN = χBPN 11.0

11.0 11.0 11.0 11.0
χAPN =−χBPN 11.0 11.0 11.0 11.0

0.3
χAPN = χBPN 11.2

11.2 11.2 11.2 11.2
χAPN =−χBPN 11.2 11.2 11.1 11.0

0.4
χAPN = χBPN 11.7

11.6 11.6 11.6 11.6
χAPN =−χBPN 11.6 11.4 11.0 10.6

χAPN assumed negative values was physically equivalent to
the one in which it was always positive.

1. End-tethered particle/copolymer systems

Case 1: From Table I, it is evident that the critical point
of the B-end-tethered neutral particle system (case 1: χAPN
= χBPN = 0) is a strong function of particle radius, increasing
from a value of 11.0 for RP = 0.1Rg to 12.2 for RP

= 0.4Rg . One must keep in mind that the stable, equilibrium
morphology of the system is determined by the global mini-
mum in free energy with respect to each possible microphase.
Whereas the free energy is the sum of two contributions,
i.e., the internal energy and the entropy (F = U − T S), the
transition from the disordered phase to the ordered, lamellar
structure is dictated by a complex balance between these two
contributions. The internal energy contribution to F is given
by the integral of the first three terms of the integrand on the
right side of Eq. (1), χABNφA (r) φB (r) + χAPNφA (r) φP (r)
+ χBPNφB (r) φP (r), whereas the entropic contribution is
constituted of all the remaining terms in Eq. (1). Since it
is universally true that φP ≪ 1, φB ≈ 1 − φA, the integrand of
the energetic contribution to the free energy can be expressed
as approximately equal to χABNφA(1 − φA) + χAPNφAφP

+ χBPN(1 − φA)φP. For neutral particles, only the first of
these terms is nonzero, and in the disordered phase, φA

tends to values in the middle of its range of [0,1] because
the entropic contribution dominates the free energy, even
though the internal energy attains its maximum value at about

φA ≈ 0.5. As χABN increases, the internal energy within the
disordered phase increases proportionally, driving up the free
energy even though the entropic contribution still dictates
the stable (disordered) morphology and changes little with
increasing χABN . Nevertheless, given the inverted parabolic
form of the internal energy contribution (χABNφA[1 − φA]),
eventually the free energy of the system can be lowered by
driving φA toward the fringes of its range, causing an abrupt,
dramatic decrease in the internal energy, and hence initiating
a phase separation to a more ordered phase, even though this
results in a substantial decrease in the configurational entropy
of the system. [The reader can visualize the above arguments
with reference to Fig. 2.]

With no intrinsic preference for A or B segments
(χAPN = χBPN = 0), neutral particles contribute directly
only to the entropic part of the free energy, although they
indirectly influence the internal energy by locally affecting the
value of φA. Hence when the neutral particles are relatively
small, they do not greatly influence the system configurational
entropy or internal energy, and values of χABN at the critical
point are approximately the same (10.5–11.0) as in the case
of a pure A-B block copolymer.43–45 As particle size becomes
significant, however, the particles influence the entropic contri-
bution to the free energy by increasing the effective nonlocal
particle volume fraction, φP, according to the Carnahan-
Starling expression in Eq. (1),

(
4φP − 3φ

2
P

)
/
(
1 − φ

)2
. Hence,

increasing particle size, which effectively increases φP, results
in a corresponding increase in the configurational entropy
of the system. Although A and B segments are statistically
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equivalent, they are not statistically equivalent to the particles,
and hence increasing particle volume fraction results in an
increase of the entropic contribution to the free energy. As
a consequence, the energetic repulsive interactions of the A
and B segments must be stronger as RP increases in order
to overcome the additional entropic penalty associated with
forcing the chains into an ordered state.

For the most part, the neutral particles generally concen-
trate within the B-rich domains since they are tethered to the B-
end of the block copolymer. However, in some circumstances,
the neutral particles will preferentially occupy sites that tend
to screen the repulsive A and B segments from each other
at the interfaces of the A-rich and B-rich domains, thereby
effectively lowering the internal energy contribution to the free
energy. As a consequence, a greater value of χABN is required
to reduce the mitigating screening effect of the particles in
order to drive the system into an ordered phase. As the particles
increase in size, their screening potential becomes higher,
and thus it requires a greater degree of repulsion between
the A and B segments to initiate a microphase separation.
Therefore, in these circumstances, this additional screening
mechanism can play an important role in determining the
relative concentrations of the particles within and at the
interfaces of the A-rich and B-rich domains.

Case 2: Irrespective of particle size, when the particles
are equally repulsive to both A and B segments, the effect
of increasing χiPN is negligible. When χiPN < χABN , the
particles can still act as screens, although less effectively,
between the more repulsive A and B segments. However, once
χiPN > χABN , the driving force toward particle screening
between the A and B segments is removed, resulting in a
lower entropically induced increase in F, and therefore one
might expect to observe an associated decrease of the critical
value of χABN . This is due to the fact that the particle no
longer has a screening effect when it is highly repulsive
to both blocks, and as such it merely acts as an additional
segment attached to the end of the B chain, which does
not affect the configurational state of the polymer chain to

as great of a degree as it does when the particle prefers
to locate between the highly repulsive A and B segments,
regardless of the magnitude of χiPN . Nevertheless, the overall
effect of repulsive particles to both A and B segments is
to lower the critical value of χABN necessary to induce
a morphological phase transition from a disordered state to
an ordered one, although this trend is very slight given that
the contributions of χiPN to the free energy are quite small
in that the energetic term, χABNφA(1 − φA) + χAPNφAφP

+ χBPN(1 − φA)φP, is relatively unchanged since φP ≪ 1.
Consequently, such a trend is only barely noticeable in the
data of Table I for the largest particle radius, RP = 0.4Rg ,
where the slight additional contribution of the particles to
the internal energy effectively lowers the necessary degree of
repulsion (quantified by χABN) to initiate a transition to an
ordered morphology.

Although there appears to be little effect on the value
of the critical point, increasing the particle/block interaction
parameters when χAPN = χBPN > 0 induces a slight but
definite increase in the degree of segregation between the
A-rich and B-rich domains, as displayed in Figure 1 for the
case of RP = 0.2Rg . This appears to be a consequence of
the slight but increasing contribution to the internal energy
of the particle density distribution, χAPNφAφP + χBPN(1
− φA)φP, and hence to the overall system free energy, which
effectively pushes the phase separating ordered morphology
slightly further toward the fringes of the φA range [0,1].

Case 3: The next case corresponds to the situation
where the particles disfavor the A segments and favor the B
segments, i.e., χAPN > 0 and χBPN < 0. In this case, there
is a generally strong decrease in the critical value of χABN
affected by the increasing magnitude of χAPN = −χBPN ,
which grows stronger as particle size is increased—see Table I.
At the smallest particle radius, RP = 0.1Rg , the effect is only
slight. This is a consequence of the small reduction in the
internal energy due to the presence of the particles, not only
since φP ≪ 1 but also since the contributions of the two
particle terms to the internal energy have opposite signs and

FIG. 1. The maximum density difference (max
|φA−φB |) as a function of the particle/block interaction
parameters χAPN = χBPN at RP = 0.2Rg and
χABN = 11.1 in the ABP system.
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tend to cancel each other since χAPN = −χBPN . The net
effect is to lower the value of χABN necessary to achieve
the ordered phase formation. With regard to the entropy,
since the particles are attached to the end of the B block,
which they favor, there is no driving force to induce a major
configurational rearrangement in which the particles encroach
upon the A block, which the particles disfavor. Consequently,
the situation for particles of size RP = 0.1Rg is very similar
to the case of particles which are repulsive to both A and
B segments, with similar quantitative values of the critical
point between these two cases. As particle size increases,
the critical point likewise increases due to the increase in φP

manifesting through the Carnahan-Starling excluded volume
potential; i.e., the entropy grows commensurately with particle
size, as discussed previously.

For larger particle radii, the decreasing trend with increas-
ing particle interaction strength becomes more significant—
see Table I. This is primarily caused by a dramatic decrease
in the internal energy with ordered phase formation since
the particles are highly motivated to congregate in the
B-rich domains of the overall system. The driving force
is thus the tendency of the particles to migrate away
from A segments and surround themselves with B seg-
ments. Consequently, the internal energy contribution to
the free energy, χABNφA (r) φB (r) + χAPNφA (r) φP (r)
+ χBPNφB (r) φP (r), dominates the free energy. In the disor-
dered state, where the particles are more evenly distributed
throughout the domain, the final two terms in the above
expression tend to cancel themselves out due to the difference
in signs of the interaction parameters, χAPN = −χBPN . In
the ordered state, φP concentrates in the B-rich regions and
is relatively depleted in the A-rich regions, and hence the
magnitude of the third term is significantly greater than that
of the second. Since the third term involves an attractive
interaction parameter (i.e., it is negative), its net effect is to
lower the internal energy of the system and thereby to induce
an ordered phase formation at a lower value of the critical point
than would otherwise occur. This trend increases dramatically
with increasing particle/block interaction strength, resulting in
the substantial decrease in the critical point within increasing
χAPN = −χBPN at constant particle radius, as observed in
Table I.

Case 4: The final case of the ABP system corresponds
to the situation in which the particles favor the A segments
and disfavor the B segments, i.e., χAPN < 0 and χBPN > 0.
As the magnitude of χAPN increases, the effect on the
critical point is extremely pronounced, showing a substantial
increase in the value of χABN . This dramatic rise is due to
the weighting of the relative effects of entropy and internal
energy on the free energy. Due to the mismatch in the
signs of χAPN and χBPN , the particles tend to migrate
to regions of high A segment concentrations, distorting
the B-block chain configurations into low entropy states,
and hence driving up the free energy. However, since the
particles are repulsive to B segments, they are not effective
at screening the A and B segments from each other, as in
the case of neutral particles. Indeed, for higher magnitudes
of χAPN , the particles are actually concentrated within the
A-rich domains, and A segments occupy interfacial locations

with the B segments since the repulsion between A and B
segments is weaker than the repulsion between B segments
and the particles. This imparts even greater configurational
contortions to the B-blocks of the chains, thus driving down
the entropy and increasing the free energy of the disordered
state. Furthermore, since the internal energy expression
scales with particle interaction strength as χABNφA (r) φB (r)
+ χAPNφA (r) φP (r) + χBPNφB (r) φP (r), there is a strong
positive contribution to the free energy resulting from the
relatively high magnitude of the second (positive) term with
respect to the third (negative) term. On account of this, a higher
absolute value of χABN is required to drive the system to the
ordered state to overcome the entropic penalty of forcing the
particles into a configurationally unfavorable state.

2. Center-tethered particle/copolymer systems

Case 1: The center-tethered particle/copolymer system
with neutral particles exhibited the same qualitative behavior
as the end-tethered system; i.e., the critical value of χABN
at the disorder/order transition increased with particle radius,
as displayed in Table I. As in the ABP system, there was
only a slight effect at small particle radii, which was due
to the low configurational entropic penalty induced by the
presence of the particles. For larger particle radii, where the
impact of the particles on the internal energy was more severe,
again the effect on the critical point was more substantial,
but for each value of particle radius, the cumulative effect
was smaller for the center-tethered particle system than the
end-tethered one. For example, at RP = 0.4Rg , the critical
point of the ABP system occurred at χABN = 12.2, whereas
it occurred at 11.7 for the APB system—see Table I. This is
a direct consequence of the tethering position: for the center-
tethered system, the neutral particle was already located at a
point in the chain where it could induce maximal screening
between the repulsive A and B segments, without causing
a substantial decrease in the configurational entropy of the
B block, as required in the ABP system. Consequently,
the entropic penalty imparted to the free energy imposed
a significantly lower entropically induced increase in F in
the APB system than in the ABP, hence requiring a smaller
energetic contribution from χABN in the APB system relative
to the pure copolymer case to induce the morphological phase
transition from a disordered state to an ordered one.

Case 2: When the particles disfavor both blocks equally
(χAPN = χBPN > 0), there is practically no effect of particle
interactions on the critical point irrespective of the magnitude
of the specific value of χAPN . Since the particle is located
at the center of the chain, once again the decrease in the
configurational entropy of the APB system is very slight
relative to that in the ABP system. The particles tend to
concentrate at the interfaces between the A-rich and B-rich
domains, as one might expect from their tethering location,
essentially screening the A segments from the B segments.
However, since the particles are equally repulsive to both
types of segments, there is no impetus for the particles
to change location as χAPN is increased, implying that
this quantity has little effect on the configurational entropy.
Furthermore, whereas the contributions of the particle/block
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interaction parameters to the internal energy are very small
(since φP ≪ 1), there is not much difference in the free energy
from one value of χAPN to the next. Therefore, even at the
largest particle radius, only a slight effect is barely discernible
in Table I.

Case 3: In the third case, where particles disfavor the
A segments and favor the B segments (i.e., χAPN > 0
and χBPN < 0), there is essentially no discernible effect of
increasing χAPN on the critical point except for the largest
particle radius, RP = 0.4Rg . This is primarily a result of
the tethering location, which tends under most conditions to
concentrate the particles at the interface, rather than within
domains of A-rich or B-rich phases. Consequently, with φP

more spatially uniform (with respect to the A-rich and B-rich
domains), the opposite signs in the particle contributions to the
internal energy (i.e., χAPN = −χBPN) tend to cancel each
other out, thereby mitigating any potential impact on the free
energy of the overall system.

In the case of RP = 0.4Rg , the trend is one of decreasing
values of χABN at the critical point as the particle/block
interaction parameters increase in magnitude. Even though
the particles always remain concentrated at the interfaces
between the A-rich and B-rich domains on account of
their tethering location, the increasing repulsion/attraction
between the particles and A/B segments tends to shift their
concentration increasingly toward the B-rich interfacial region
as χAPN (= −χBPN) increases. Hence, there is a slight
configurational entropic penalty that affects the critical point
as the particles are pulled deeper into the B-rich domain
by their attractive interactions with the B segments and
repulsive interactions with the A segments. Furthermore, the
internal energy decreases since the negative B-P interaction
term in the internal energy expression becomes increasingly
significant relative to the A-P interaction term. The net result
is the decreasing trend in the critical point with increasing
χAPN , as evident in Table I, since a lower value of χABN
is required to initiate a phase separation into an ordered
phase.

B. Thermodynamics of tethered particle/block
copolymer systems

The effects of the tethered particles on the overall system
thermodynamics can be assessed by examining the relative
changes in the free energy, internal energy, and entropy in
response to variations of particle size and interaction strength.
In the following discussion, we examine only neutral particle
ABP and APB systems (χAPN = χBPN = 0), since similar
diagrams and arguments to those described below apply to
the other cases discussed in Subsection III A. In Figure 2,
plots of ∆F, ∆U, and −∆T S are displayed as functions of
f A ∈ [0.2,0.8] for the ABP and APB systems. U and ∆T S are
rendered dimensionless in the same fashion as ∆F, i.e., with
respect to NckBT . Values of the entropy change are calculated
with reference to the value of T S for the RP = 0.1Rg particles
at f A = 0.2; hence, the value of −∆T S = 0 for the RP = 0.1Rg

curve at the point f A = 0.2 in Figs. 2(e) and 2(f). This then
translates into appropriate relative reference points for ∆F
and ∆U that are determined from the Legendre transformation

∆F = ∆U − ∆T S. The value of the A-B interaction parameter
is held constant in the following discussion at χABN = 18
since this value is known to produce a wide variety of
morphologies, dependent on the particular value of f A under
consideration.34,35 Note that the global maxima in the ∆F
curves and the global minima in the ∆U curves do not
occur exactly at f A = 0.5 due to the small but finite effect
of the particles. Also note that the three panels of the APB
systems, Figs. 2(b), 2(d), and 2(f), only cover the range of
f A ∈ [0.2,0.5] since the curves are symmetric due to the
center-tethered particle location.

1. Effect of particle size

a. ABP system. The effects of the tethered particles
on the overall system thermodynamics can be assessed by
examining the relative changes in the free energy, internal
energy, and entropy in response to variations of particle size
and interaction strength. First, we will examine the thermody-
namics of the ABP tethered-particle/copolymer system. From
Fig. 2(e), it is evident that −∆T S is constant at both low and
high values of f A (i.e., 0.275 < f A > 0.75), regardless of
particle size. This is because of the statistical equivalence of
the A and B segments, as discussed in Sec. III A 1: since the A
and B segments are statistically indistinguishable from each
other, there is no entropy of mixing effect upon the system
as f A is varied. The entropy increases with increasing particle
size in Fig. 2(e), which is due to the Carnahan-Starling form of
the excluded volume potential,

(
4φP − 3φ

2
P

)
/
(
1 − φ

)2
, which

is an increasing function of particle size since φP scales with
RP. Hence the particles, which are not statistically equivalent
with the A and B segments, increase the system configurational
entropy by augmenting the final term in the continuity
equation f ( f A + fB) + fP = 1, thereby introducing an entropy
of mixing effect into the system. When f A ∈ [0.3,0.725],
the entropy experiences a sharp decrease on account of the
transition to one of the several well-known ordered phases
(lamellar, cylindrical, spheroidal, etc.), depending on the
particular value of f A. This is caused by the packing frustration
experienced by the chains as they experience configurational
changes to accommodate the ordered phase formation. The
entropy change exhibits a minimum at f A ≈ 0.5, which is due
to the increasing degree of order imparted to the system as
the number of A and B segmental interactions (with strength
χABN) is maximized because the number of A and B segments
is approximately equal at this value of f A.

In the range of 0.275 < f A > 0.75, the internal energy of
the ABP system changes dramatically, as evident in Fig. 2(c),
increasing at low f A and decreasing at high f A. This is caused
by the increasing number of A-B interactions in the disordered
phase and the relative numbers of A and B segments as f A
increases (at low values of f A), thereby influencing the overall
strength of the repulsive A-B interactions. However, in the
range of f A ∈ [0.3,0.725], the internal energy experiences
an abrupt, significant decrease as the ordered phases are
formed, which greatly reduce the number and strength of A-B
interactions. A minimum is thus evident at f A ≈ 0.5, even
though in principle one would intuitively expect a stronger
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FIG. 2. Key thermodynamic quantities as functions of fA for neutral particles of varying radii at χABN = 18. The left column is the ABP system and the right
column is the APB system. Symbols denote particles of a certain radius as follows: ■ (0.1Rg ), � (0.2Rg ), N (0.3Rg ), and △ (0.4Rg ). Panels (a) and (b) depict
the free energy change (∆F), (c) and (d) show the internal energy change (∆U ), and (e) and (f) display the entropic change (−∆TS).

A-B overall interaction energy (i.e., a maximum) due to the
equal number of A and B segments; however, the increase
in the degree of ordering more than offsets this effect. As
particle size increases, there is a significant drop in the
internal energy change, which is a result of the fact that larger
particles more effectively screen the A and B segments from
each other. Mathematically speaking, for neutral particles,

χAPN = χBPN = 0, which implies that the internal energy
varies as χABNφAφB; i.e., φA and φB decrease slightly on
average as particle size, and hence φP, increases due to the
incompressibility condition. An interesting observation taken
from Fig. 2(c) is that there does not appear to be much effect of
particle size on the internal energy change inside the ordered-
phase regime of the ABP system when f A ∈ [0.3,0.725]. This
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can partially be explained by considering the tethering location
of the particles. Since the particles are tethered to the B-end of
the block copolymer chain, as the degree of order increases,
the particles are effectively confined to the B-rich domains
by the entropic chain packing frustration, thereby effectively
reducing the screening effect between A and B segments
at the interfaces of the A-rich and B-rich domains. Since
the interfaces are relatively depleted of particles, the local
particle volume fraction, φP, in these regions is very small
and hence does not affect the internal energy, χABNφAφB, to
an appreciable degree.

The free energy change within the ABP system is
quantified by the difference in the internal energy and entropy
changes through the Legendre transformation ∆F = ∆U
− ∆T S. In the disordered state, when 0.275 < f A > 0.75, the
free energy rises rapidly as f A increases or decreases from
the extremes of its range. Here, the free energy change is
identical with the change in the internal energy, since the
change in the entropic contribution to ∆F is zero—see panel
(e) of Fig. 2. Hence, a sharp parabolic profile is observed,
as expected from the mathematical form of U = χABNφAφB

≈ χABNφA (1 − φA). When f A ∈ [0.3,0.725], ∆F flattens off
to a maximum at f A ≈ 0.5 in the ordered phase regime, since
the sharp parabolic form of the internal energy is dampened
by the decrease in the entropic contribution to the free energy.
This flatness of ∆F in the ordered-phase region indicates only
slight free energy differences between the various ordered-
phase morphologies appearing within this range of f A values.
As the particle size increases, ∆F decreases, with the primary
determinant being the entropic contribution, since the internal
energy does not change substantially with particle radius, as
discussed above.

b. APB system. The thermodynamics of the APB system
are very similar to those of the ABP system, with the
minor exception of the internal energy change, which exhibits
a distinct trend with respect to variable particle radius;
i.e., within the ordered-phase regime of f A ∈ [0.3,0.725],
the internal energy decreases as particle size increases, as
displayed in Fig. 2(d). The reason for this is related to the
tethering position of the particle, directly between the A and
B blocks of the particle chain. At this location, the particles
are always at positions near to the interfaces of the A-rich and
B-rich domains where they can effectively screen the A and B
segments from each other, thereby reducing the A and B net
repulsive energy in the system. The mitigating effects of this
screening are felt more substantially for the larger particles,
which create a more effective blocking network between
the A and B segments. From a mathematical perspective,
the local particle concentrations, φP, at the interfaces are
relatively higher with respect to the ABP system, and
hence the interfacial internal energy change, U = χABNφAφB,
decreases significantly with particle size since φA and φB

at the interfaces are substantially smaller than in the ABP
case.

2. Effect of particle/block energetic interactions

The effects of the particle/block interaction potential upon
the thermodynamic properties of the system are presented in

Fig. 3 for the ABP and APB systems for particles that disfavor
both blocks of the copolymer chain, i.e., χAPN = χBPN
≡ χA/BPN ≥ 0. The value of the A-B interaction parameter,
χABN , is once again set at the value 18, whereas the particle
block interaction parameters vary over the range [0,15]. The
reference state is the same as in Fig. 2: all quantities are
calculated relative to the value of entropic contribution to
the free energy at RP = 0.1Rg , f A = 0.2, and χA/BPN = 0.
Once again, the APB profiles are symmetric around the
corresponding maximum in each curve, such that only the
limited range of f A ∈ [0.2,0.5] is presented in panels (b), (d),
and (f) of Fig. 3.

In the case of interacting particles, the behavior of the
thermodynamic functions with respect to particle/block inter-
action energy is essentially independent of the tethering point
of the particle along the chain backbone. Hence, the ABP and
APB systems can be discussed collectively, with only small
quantitative discrepancies between the two cases. The entropic
contributions to the free energy are independent of the interac-
tion potential, as would be expected, since these are not direct
functions of χA/BPN . Since the particles are equally repulsive
to both types of segments, the statistical configurational state
of the chains is unaffected by the particle/segment interaction
strength. In other words, the maximum entropy configurational
state is the same as for the neutral particle case, implying
equivalent morphologies for any particular value of χABN .
(We shall see an interesting consequence of this observation
in Sec. III C.) The internal energy changes slightly with
particle/block interaction strength, increasing with χA/BPN .
This is the expected consequence of the energetic expression
χABNφA(1 − φA) + χAPNφAφP + χBPN(1 − φA)φP, which
grows stronger as χA/BPN increases. This directly impacts the
free energy change within the system, producing an inverted
parabolic profile for ∆F that grows sharper with increasing
χA/BPN . The ∆F profiles in Figs. 3(a) and 3(b) tend to flatten
out in the middle of the f A range, indicating fairly similar free
energy values of the various ordered phases that appear in this
region of the phase diagram.

C. Particle size effect on the morphology
of tethered-particle/block-copolymer systems

Morphological phase diagrams for several cases of ABP
and APB tethered-particle/copolymer systems were presented
by Zhu et al.34 and Zhang et al.35 The effect of particle size
on the phase diagrams is discussed below with reference to
the neutral particle (χA/BPN = 0) ABP and APB systems at
χABN = 18, since these phase diagrams are representative
of those found in the other cases discussed in Secs. III A
and III B. Phase diagrams (in RP − f A space) for these two
cases are presented in Fig. 4. The APB phase diagram is
symmetric about the point f A ≈ 0.5 due to the centralized
tethering position of the particles between the two blocks of
the copolymer chains.

In the ABP system, the predominant ordered phase is
the lamellar (denoted as “L” in Fig. 4) for all particle radii,
which stretches over roughly 25% of the available f A range
in the middle of the phase diagram. Particles are typically
dispersed within the B-rich domains, in some circumstances
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FIG. 3. The thermodynamic quantities as functions of fA for repulsive particles of varying interaction potential strength, where χAPN = χBPN ≡ χA/BPN
≥ 0 at χABN = 18 and RP = 0.2Rg . The left column is the ABP system and the right column is the APB system. Symbols denote particles of a certain
interaction energy as follows: ■ (χA/BPN = 0), � (χA/BPN = 5), N (χA/BPN = 10), and △ (χA/BPN = 15). Panels (a) and (b) depict the free energy
change (∆F), (c) and (d) show the internal energy change (∆U ), and (e) and (f) display the entropic change (−∆TS).

tending to concentrate at the interfaces between the two types
of domains. On either side of the lamellar region is a cylindrical
phase (C), which consists of either B-rich cylinders arranged
in a hexagonal packing pattern contained within an A-rich
matrix phase (high f A) or vice versa (low f A). As observed
previously, particles tend to disperse within the B-rich phase
(at low f A) due to the tethering location but sometimes

congregate at the interface between the two phases (see Fig. 5).
An interesting feature of these hexagonally packed cylinder
domains is that at low f A, the particles tend to concentrate in
very small regions within the matrix phase, which are arranged
symmetrically around the cylinder phase in a hexagonally
packed array, forming cylindrical nanowire structures that
parallel the cylindrical domains—see Fig. 5(a). At the low
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FIG. 4. Morphological phase diagrams of the ABP (left panel) and APB (right panel) systems as functions of fA for different particle radii at χABN = 18
and χA/BPN = 0. The symbols in these diagrams denote various phases as follows: ■ lamellae (L), ◦ cylinders (C), • spheroids (S), •/◦ the cylinder/spheroid
transition zone, × perforated lamellae (PL), and △ disordered (D).

and high extremes of the f A range, ordered phases consisting
of spheroids (S) arranged on body-centered cubic lattices are
observed, with the particles concentrated within the B-rich
spheroids or at the interfaces for high f A values or within
the B-rich matrix phase at low f A. At the far extremes of
the f A range, disordered phases (D) still remain visible in the
phase diagram. At low values of particle radii, there exists a
small region of the phase diagram of Figure 4 where a PL
morphology is the lowest free energy state (see Figure 6).

Regardless of particle diameter, the driving force behind
the ordered-phase formation, and the particular ordered
morphology that is formed, is the minimization of the overall
free energy, which results from a delicate balance between
the energetic effects which favor the ordering process and
the entropic configurational effect which favors a disordered
state. Ordered-phase formation is favorable to the free energy
because it minimizes repulsive interactions between the
A and B segments; however, this creates unnatural chain
configurations (packing frustration) as the copolymer blocks
contort to adjust to the spatial constraints forced on them
by the geometry of the ordered phase. Consequently, which
ordered morphology appears under a given circumstance is a
strong function of f A since this determines the number of A-B
repulsive interactions: the more A-B interactions, the stronger
the energetic effect contributes to the free energy, which leads
to a higher possible degree of packing frustration imparted
to the copolymer chains. Hence, a critical determiner of the
particular ordered morphology formed for a specified value of
f A is the surface area to volume ratio; i.e., a large interfacial
surface area allows for a higher energetic contribution to
the free energy since more A and B segments can interact
with each other, whereas a large volume (in the minority
phase) results in a lower degree of chain packing frustration,
which lowers the entropic contribution to the free energy.
Therefore, as the overall average interfacial surface area to
volume ratio (S/V) increases, the tendency is to drive the
system morphology toward the disordered state. When f A is
approximately 0.5, there are relatively many A-B interactions,

and both blocks of the chain are fairly long. Hence, a large
relative volume is required to relieve some of the packing
frustration, while at the same time a relatively small surface
area is required to minimize the A-B interactions as much as
possible. These conditions favor the formation of the lamellar
morphology. As f A decreases, the B blocks become larger
and the A blocks comprise the minority phase. Since the A
blocks of the chains are shorter, they are able to pack into
smaller volumes, thus allowing for geometric structures with
greater surface areas, such as hexagonally arranged cylinders,
to appear since the number of A-B interactions is lower simply
because the number of A segments is lower. Further decrease
in f A allows the A blocks to pack into even smaller volumes
with greater surface area, such as spheroids. At the extreme
ends of the f A range, the number of A-B interactions is so few,
due to the shortness of one block or the other of the chain,
that the configurational entropy dominates the free energy and
the chains take on more natural configurations, producing the
disordered phase.

The effect of particle radius on the phase diagram is
remarkable. For very low radii, the effects of the particle are
only slight, and the phase diagram is very similar quantitatively
to that of the pure diblock copolymer system. The effect of
increasing particle size is to drive the phase diagram transition
zones inwards toward the mid-range of f A. Since the larger
particles impart a greater entropic contribution to the free
energy than the smaller ones (as discussed in Secs. III A
and III B), their net effect is to drive the system morphology
toward a larger value of S/V at a constant value of f A. In other
words, the larger particles create a greater degree of packing
frustration at a specific value of S/V, which implies a greater
entropic contribution to the free energy.

The phase diagram of the APB system is very similar
to that of the ABP system, except in this case the particles
are almost always exclusively concentrated at the domain
interfaces (see Fig. 5(c)), which is primarily a direct result of
their tethering locations between the A and B blocks. Indeed,
this is the major driving force behind the differences between
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FIG. 5. Schematic morphology of the cylinder hexagonal packing configuration (left) and density distributions (right) at χAPN = χBPN = 0, χABN = 18, and
RP = 0.2Rg corresponding to (a) fA= 0.3, ABP system, (b) fA= 0.7, ABP system, and (c) fA= 0.3, APB system. The blue, green, and red colors represent the
A-rich domains, the B-rich domains, and the primary regions of particle concentrations, respectively. The density distributions in the right panels are calculated
over the spatial periods indicated in the left panels by the solid black lines.

the phase diagrams of the ABP and APB systems; i.e., the
neutral particles serve to screen the A and B segments from
each other, hence reducing the energetic contribution to the
free energy. Consequently, at a specific value of f A, the surface
area of the APB system can be significantly smaller than that of
the ABP system where the majority of particles are dispersed
within the B-rich domains. Hence, the ratio S/V is smaller,

allowing for corresponding ordered phases to exist at lower
(when f A < 0.5) and higher (when f A > 0.5) values of f A in
the APB system than in the ABP one.

The maxima in the particle density distributions, such as
those in right-side panels of Fig. 5, are useful for quantifying
the degree of relative concentration of particles at various loca-
tions within the ordered-phase morphology at χABN = 18.
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FIG. 6. Configuration of the PL phase for neutral particles in the ABP system
at fA= 0.375, χABN = 18, and RP = 0.2Rg . (a) The morphology of the
A-block domain: 1, 2, and 3 are the layers formed by the A block. (b) A
side view from layer 2 to layer 1 (blue represents the B-block domain). (c)
The side view of the A-block domain (with φA > 0.8) from layer 2 to layer
3. (d) The B-block domain (φB > 0.8).

In Table II, we present data for the maximum particle density
and the morphology wherein it appears in reference to Fig. 5
for neutral and interacting particles which disfavor both A
and B segments for the ABP and APB systems. The symbol
(a) denotes particles concentrated within hexagonally arrayed
nanowires within the B-rich matrix phase, (b) corresponds to

TABLE II. Maximum particle densities (φmax
P ) and observed morphology of

the ABP and APB systems as functions of particle radius and interaction
parameter at fA= 0.3 and χABN = 18. Numerical values correspond to φmax

P
whereas the letters denote the location of the particles with reference to
the three cases of Fig. 5; i.e., (a) represents particles concentrated within
hexagonally arrayed nanowires within the B-rich matrix phase, (b) corre-
sponds to particles concentrated at the center of A-rich cylinders, and (c)
denotes particles lining the interfaces between the B-rich matrix phase and
the A-rich cylindrical domains. Note that (*) and (**) denote the spheroidal
morphology, which assumes a body-centered cubic arrangement. Particles
concentrate in the surrounding B-rich matrix in (*), whereas they surround
the A-rich spheroids in (**).

ABP
χAPN = χBPN

RP(Rg ) 0 5 10 15

0.1 0.0014 (a) 0.0014 (a) 0.0014 (a) 0.0014 (a)
0.2 0.011 (a) 0.011 (a) 0.011 (a) 0.011 (a)
0.3 0.034 (a) 0.034 (a) 0.034 (a) 0.034 (a)
0.4 0.07 (*) 0.07 (*) 0.07 (*) 0.07 (*)

APB
χAPN = χBPN

RP(Rg ) 0 5 10 15

0.1 0.0018 (c) 0.0018 (c) 0.0018 (c) 0.0018 (c)
0.2 0.013 (c) 0.013 (c) 0.013 (c) 0.013 (c)
0.3 0.04 (c) 0.04 (c) 0.04 (c) 0.04 (c)
0.4 0.08 (**) 0.08 (**) 0.08 (**) 0.08 (**)

particles concentrated at the center of A-rich cylinders, and
(c) denotes particles lining the interfaces between the B-rich
matrix phase and the A-rich cylindrical domains. Additionally,
the symbols (*) and (**) denote the spheroidal morphology,
which assumes a body-centered cubic arrangement. Particles
concentrate in the surrounding B-rich matrix in (*), whereas
they concentrate at the interfaces of the A-rich spheroids in
(**).

The maximum particle density increases substantially
as the particle size increases in both the ABP and APB
systems, indicating that the particles are more preferentially
concentrated in certain locations within the phase morphology,
although this is to some degree simply an expected conse-
quence of the increase in the global average particle density,
fP, with particle size. A more interesting observation is
that φmax

P is independent of the particle/segment interaction
strength for equally repulsive particles (χAPN = χBPN > 0);
i.e., each value of interaction strength in Table II has the
same value of φmax

P as the neutral particle case. Although the
particle/segment interactions can affect the critical point (see
Table I), particularly at high particle radius, their effect on the
maximum particle density is negligible, which is responsible
for the common curve for the various entropy changes in
Figs. 3(e) and 3(f). Because the particles are equally repulsive
to both A and B segments, there is no net effect of internal
energy on the configurational state of the copolymer chains;
i.e., whatever so happens to be the most favorable entropic
configurational state of the neutral particle system also is the
most favorable state of an interacting particle system. Hence
the particular morphology formed at a given value of χABN
is independent of the interaction strength when the particles
are equally repulsive to A and B segments.

Table III displays similar φmax
P and morphology data as

Table II for several different f A phase points for the ABP
and APB systems. These data exhibit the same trends as

TABLE III. Maximum particle density and the observed morphology for
tethered particles as functions of particle radius and fA for the ABP and APB
systems at χABN = 18: (a) represents particles concentrated within hexag-
onally arrayed nanowires within the B-rich matrix phase, (b) corresponds
to particles concentrated at the center of A-rich cylinders, and (c) denotes
particles lining the interfaces between the B-rich matrix phase and the A-rich
cylindrical domains. Particles concentrate in the surrounding B-rich matrix in
(*), whereas they surround the A-rich spheroids in (**).

φmax
P

RP (for χAPN = χBPN = 0)

System 0.1 0.2 0.3 0.4

ABP: fA= 0.3 0.0014 (a) 0.011 (a) 0.034 (a) 0.07 (*)
ABP: fA= 0.7 0.0034 (b) 0.024 (b) 0.065 (b) 0.11 (b)
APB: fA= 0.3 0.0018 (c) 0.013 (c) 0.04 (c) 0.08 (**)

χAPN = χBPN (for Rp = 0.2)

System 0 5 10 15

ABP: fA= 0.3 0.011 (a) 0.011 (a) 0.011 (a) 0.011 (a)
ABP: fA= 0.7 0.024 (b) 0.024 (b) 0.024 (b) 0.024 (b)
APB: fA= 0.3 0.013 (c) 0.013 (c) 0.013 (c) 0.013 (c)
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FIG. 7. The box size confinement effect on the free energy and the resulting
morphologies for Rp = 0.2Rg , χABN = 18, χA/BPN = 10, and fA= 0.3
of the ABP system. (a) Cylindrical domains in a quadrilateral array: the
cylinders at the four corners (blue) are the A-block domains, and the red in the
center is a particle nanowire; (b) ellipsoidal domains in quadrilateral arrays;
(c) spheroids arranged on a body-centered cubic lattice; and (d) hexagonally
packed cylinders. The (b)–(d) cells show only the shape of the A-block
domain (green and red).

those of Table II but additionally illustrate the change in
particle concentration that occurs as the particle tethering
position changes and as the minority phase changes from A
to B. Changing the tethering point of the particle at constant
f A = 0.3 results in a movement of the particles from the bulk
B-rich matrix phase to the interfaces between the A and B
domains. As f A is increased from 0.3 to 0.7 in the ABP system,
the morphology switches from the A-rich cylindrical phase to
a B-rich cylindrical phase, with a migration of the particles
to the center of the cylinders and a commensurate dramatic
increase in the particle concentration at the preferred location.
Once again, there is no effect of particle/segment interaction
strength on the position of the particles.

It is also interesting to study the effect of simulation box
size on the observed morphology formed by the self-assembly
of tethered-particle/copolymer materials. The constraint-free
equilibrium morphology was always selected as that corre-
sponding to the absolute minimum calculated value of the
free energy, which was obtained by meticulously varying the

simulation box dimensions over wider ranges of multiples of
the copolymer radius of gyration; however, in so doing, we
noted that the stable morphology varied remarkably with box
size. In Figure 7, we display various system morphologies
obtained at one distinct set of parameter values, Rp = 0.2Rg ,
χABN = 18, χA/BPN = 10, and f A = 0.3 of the ABP system.
The four morphologies observed in relation to box size were
(a) cylindrical minority phases arranged in quadrilateral arrays
with particle-rich nanowires running axial-wise through the
center of the interstice formed by four neighboring cylinders,
(b) ellipsoidal domains arranged in quadrilateral arrays, (c)
spheroids arranged on a body-centered cubic lattice, and (d)
hexagonally packed cylinders (which were the globally stable
phase). This illustrates clearly two points: (1) the effect of
confinement to narrow dimensions upon the globally stable
morphology induced by the self-assembly process and (2)
the great care that must be taken to ascertain the globally
stable morphology when performing SCFT/DFT simulations.
According to (1), it is possible to influence the morphology
of a BCP-NP system considerably by applying boundary
constraints (such as solid surfaces) upon the self-assembly
process. With regard to (2), it is evident from Fig. 7 that even
in a constraint-free (unbounded) system, the global minimum
in the free energy is not necessarily obtained in the limit of
large box sizes; i.e., the appropriate box size must be chosen
so as to conform to the natural periodicity of the most stable
morphology or else unphysical configurations can be forced
upon the block copolymer chains, resulting in morphologies
that would not otherwise be globally stable under equilibrium
conditions.

IV. CONCLUSIONS

In summary, particle size was shown to have a dramatic
effect on the morphology and thermodynamics of both end-
tethered and center-tethered particle/block copolymer sys-
tems. Increasing particle size raises the configurational entropy
of the system, resulting in more disordered phases at equivalent
values of the block length ( f A) and A-B block interaction
strength (χABN). The particles generally congregate within
the B-rich phase in the case of end-tethered particles or at the
interfaces between the A and B domains in the case of center-
tethered particles, although the particular morphology formed,
spheroidal, lamellar, or cylindrical, is highly dependent on
the value of f A. The number of stable morphologies is
reduced as particle radii increases, with the perforated lamellar
morphology disappearing for particle radii larger than Rp

= 0.3. Which particular morphology was formed under a
specific circumstance was also highly dependent on the nature
of the particles, i.e., how they interacted with the A and B
copolymer segments. Thermodynamically, the particle radius
has a dramatic effect on the configurational entropy of the
system, but only a relatively weak effect on the internal energy.
Hence, the free energy change that accompanies an increase
in particle size is mostly due to its entropic contribution. The
effect of particle size on the disorder/order phase transition was
demonstrated to depend highly on the nature of the particles
as well as the tethering point, with end-tethered particles
displaying much larger variations in the critical value of χABN
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due to the impact of energetic screening by the particles located
at the interfaces for center-tethered particle systems. Given
these results, it is apparent that particle size can be a very
important parameter when designing tethered-particle/block
copolymer materials for many technical applications.
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