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We find that the hierarchical organization of the potential energy landscape in a model supercooled
liquid can be related to a change in the spatial distribution of soft normal modes. For groups of nearby
minima, between which fast relaxation processes typically occur, the localization of the soft modes is very
similar. The spatial distribution of soft regions changes, instead, for minima between which transitions
relevant to structural relaxation occur. This may be the reason why the soft modes are able to predict spatial
heterogeneities in the dynamics. Nevertheless, the very softest modes are only weakly correlated with
dynamical heterogeneities and instead show higher statistical overlap with regions in the local minima that
would undergo nonaffine rearrangements if subjected to a shear deformation. This feature of the
supercooled liquid is reminiscent of the behavior of nonaffine deformations in amorphous solids, where
the very softest modes identify the loci of plastic instabilities.
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Predicting the dynamical and mechanical behavior of
simple liquids and crystalline solids from their structural
properties can be successfully addressed by kinetic theories
and elasticity, but this is not the case for glasses. Structurally,
glasses and amorphous solids can be considered quite similar
to supercooled liquids, but identifying a common link in
their theoretical description is a major challenge. In both
cases, the underlying potential energy landscape (PEL) is
characterized by low-frequency normal modes that are
quasilocalized in space [1–5]. These soft modes represent
the flattest directions near minima in the PEL and appear to
play a primary role in both the dynamics of supercooled
liquids and the mechanics of amorphous solids [6–15]. In
supercooled liquids, the soft modes are microscopically
correlated with dynamical heterogeneities (DH) and irreversible rearrangements. Studies of model amorphous solids
subjected to quasistatic shear have also shown that the lowest
frequency normal modes can predict the spatial location of
plastic events and extended shear bands in amorphous solids
just prior to the event occurring [12,16,17]. These findings
raise the question of whether the properties of supercooled
liquids and amorphous solids are controlled by similar
features of the PEL. For example, could slowing down of
the liquid dynamics and the presence of plastic instabilities
in amorphous solids be controlled by the same soft modes?
Here we investigate the spatial distribution of soft modes
in a model supercooled liquid and find evidence that the
time-scale separation typical of glassy dynamics can be
ascribed to a qualitative change in the spatial distribution of
the structurally soft regions. Nearby minima, which should
lie within the same metabasin (MB; i.e., clusters of minima
grouped together by rapid reversible dynamic transitions
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between them), have very similar soft-mode localization.
Instead, the mode localization appears to change significantly between MBs. We sample nearby minima by
applying a shear deformation to a local minimum, or
inherent structure (IS), of the PEL and find that regions
undergoing nonaffine displacements between minima are
also correlated with the spatially heterogeneous dynamics
associated with the initial configuration. These nonaffinely
rearranging domains overlap strongly with the softest
normal modes in a manner similar to nonaffine deformations in amorphous solids, where the softest modes have
been shown to identify the loci of plastic instabilities. These
findings suggest that the soft modes and nonaffinely
rearranging regions of the local minima represent the
spatially resolved features of the PEL that link supercooled
liquids and amorphous solids.
We study a model fragile glass former, a two-dimensional equimolar binary mixture of soft disks interacting via
the purely repulsive potential ϕðrÞ ¼ ϵðσ ab =rÞ12 , where
σ 12 ¼ 1.2σ 11 and σ 22 ¼ 1.4σ 11 [6,7,18]. We use 50 statistically independent samples of size ranging between N ¼
2000 and N ¼ 8000 particles, equilibrated at temperatures
spanning the supercooled regime of dynamics (between
T ¼ 2.0 and T ¼ 0.36). All quantities are reported in
reduced units, with the length and energy scale σ 11 and
ϵ, respectively. For T < 0.36, we could not reach full
equilibration.
We start by comparing the spatial localization of soft
regions in nearby configurations. To identify the structurally soft regions of each initial equilibrated configuration
X ¼ fri g, we use the isoconfigurational Debye-Waller
factor (DWF). This is defined for each particle i as the
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variance of its position during a time interval tDW ¼ 10τ,
which corresponds to the short-time β-relaxation regime at
T ¼ 0.4, averaged over multiple runs originating from X. In
supercooled liquids, this quantity has been shown to be
spatially correlated with the soft-mode localization in the IS
Xq ¼ frqi g belonging to X [6,7]. Starting from X, we
sample nearby minima by computing the IS Xdq ¼ frdq
i g
d
of the deformed configuration ri ðγÞ ¼ ri þ γyi ex , using
conjugate gradient minimization. Here γ is the magnitude
of a planar shear deformation, applied following the
procedure in Refs. [19,20]. The soft modes of Xdq are
obtained by analyzing the local curvature of the PEL at
frdq
i g by diagonalizing the Hessian matrix to obtain the 2N
eigenfrequencies fωj g and the normalized eigenmodes
feωj g. To characterize the soft-mode localization, we
calculate the participation fraction of each particle i in
each eigenmode eωj as f ji ¼ j ⃗eiωj j2 (where ⃗eiωj is the
displacement of particle i along the eigenmode eωj ) and
sum this
P moverj the N m lowest frequency modes to obtain
pi ¼ Nj¼3
f i . Note that we have excluded the two zerofrequency modes (with index j ¼ 1, 2) associated with the
translational motion of the center of mass.
Figure 1(a) shows the magnitude of the statistical
overlap ODW;pdq between the DWF of the initial configuration X and the soft-mode localization in the IS of
the deformed configuration Xdq as a function of γ.
Throughout the Letter, for properties A and B belonging
to the same configuration,
we define their overlap as
P
OA;B ¼ 2ðN A þ N B Þ−1 Nj¼1 ΘðAj ÞΘðBj Þ, where
P Aj is
the value P
of quantity A for particle j, N A ¼ j ΘðAj Þ
and N B ¼ j ΘðBj Þ. ΘðAj Þ ¼ 1 if the value of Aj is within
the top 25% and belongs to a cluster of more than two
particles that satisfy this criterion, otherwise ΘðAj Þ ¼ 0 [6].
Error bars are given by the standard deviation over our 50
independent samples. In Fig. 1(a), for small γ, the overlap
ODW;pdq is essentially independent of γ and increases as the
temperature is lowered. However, the overlap drops as γ is
increased beyond γ c ≈ 0.071  0.024. This value appears
to be independent of temperature and system size, indicating that, over the entire landscape influenced regime of
temperature, the spatial distribution of structurally soft
regions does not change significantly until γ c . This transition is accompanied by other changes in the properties of
Xdq [see Fig. 1(b)]. For small γ, the IS energy eIS ðγÞ is
approximately constant but starts to increase around the
same value of γ where the overlap ODW;pdq decreases. This
shows that deformation magnitudes of the order of γ c push
the system into local minima that are energetically less
favorable than those sampled by thermal fluctuations. We
also find that the increase in the IS energy is accompanied
dq
by a rapid increase in the average shear stress σ dq
xy ðγÞ of X
(see Fig. 1, inset), which reaches a maximum around γ c ,
before dropping back to a value close to zero [21]. These
results support the conclusion that γ c is a characteristic
property of the PEL.
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FIG. 1 (color online). (a) ODW;pdq as a function of the shear
magnitude γ. N ¼ 2000 particles (filled symbols) and N ¼ 8000
particles (open symbols). The dashed line is ODW;RND , the
overlap with a randomly distributed variable, for N ¼ 2000.
(b) The normalized average IS energy eIS as a function of γ.
dq as a function of γ. The
(Inset) Average shear stress σ dq
xy for X
solid line is deIS =dγ at T ¼ 0.36.

The change in the spatial distribution of soft regions that
is captured by γ c provides a new perspective on the
hierarchical structure of the amorphous PEL. On the side
of dynamics, the observation of frequent recrossings
between nearby ISs has led to the concept of MBs, defined
as the collection of minima connected by transitions with
greater than a 50% probability of return [3,22]. Transitions
between MBs have since been identified with higher
energy barriers and local irreversible cage-breaking events
[3,23–25]. The spatial pattern of DH, which is correlated
with the soft-mode localization, has also been shown to
change upon transitions between MBs [6,23,26]. Hence,
the change in the spatial distribution of soft modes that we
detect for γ > γ c could be related to MB transitions. Indeed,
the value of γ c that we calculate is similar in magnitude to
the typical distance found for the separation between MBs
[22,27,28]. On the side of mechanics, recent work on
sheared amorphous solids [29] suggests that γ c may also be
related to the onset of irreversible mechanical relaxation
processes. A transition from reversible particle motion to
diffusive behavior is in fact detected at a critical shear
amplitude of 0.07, very close to γ c . Overall, our results
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suggest that relaxation processes that have a low probability of being reversed in supercooled liquids and in
sheared glasses may well be associated with a change in
the spatial distribution of structurally soft regions.
To better understand the implications for the supercooled
dynamics of the correlations we detect for γ < γ c, we
quantify the spatial distribution of DH at each T using the
dynamic propensity (DP). The DP is defined for each
particle i as the isoconfigurational average of its squared
displacement DPi ¼ hðri ðtα Þ − ri ð0ÞÞ2 iiso over a time interval tα that probes the α-relaxation regime [30]. In Fig. 2, we
plot the overlap between the spatial distribution of the DP
in X and the spatial distribution of soft-mode localization in
Xq and in the nearby IS Xdq for γ ¼ 10−4, respectively,
indicated as ODP;pq and ODP;pdq . The data for ODP;pq expand
on previous results [6,7] by showing that the overlap
between the propensity and the soft-mode localization
increases strongly in the landscape-influenced regime of
the dynamics [31]. The statistical overlap ODP;pdq is also
very similar to ODP;pq , indicating that the soft-mode
localization in nearby ISs has a similar degree of spatial
correlation with DH. The emerging picture is that the soft
modes of the initial IS are able to predict the spatial pattern
of DH occurring over time scales where the system visits
many different minima because of the very similar softmode pattern of minima belonging to the same MB.
To extend these observations to lower temperature, we
also consider the overlap ODW;pq since the DWF is less
computationally demanding and spatially correlated with
the DP [30]. ODW;pq initially behaves similar to ODP;pq but,
at the lowest temperatures where we can equilibrate the
system, stops increasing and approaches a plateau. This
suggests a crossover to a regime where the structural

FIG. 2 (color online). Temperature dependence of the spatial
correlation between DHs and some properties of the underlying
PEL, as defined in the text. For the nonaffine displacements
(NADs), we use γ ¼ 10−4 , and for the soft mode localization, we
use 1% (N m ¼ 160) of the lowest frequency modes.
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contribution to DH stops increasing, consistent with recent
findings on dynamical correlation lengths [32].
When sampling nearby ISs using a shear deformation of
amplitude γ, one can also identify the regions that undergo
nonaffine displacements (NADs). The NAD field fdi g is
defined as the difference between the ISs belonging to the
initial configuration X and the final configuration Xd when
the affine deformation is subtracted, i.e., di ðγÞ ¼ rdq
i ðγÞ−
rqi − γyqi ex . In amorphous solids, the NAD field is spatially
correlated with the lowest energy soft modes, the evolution
of which can predict the emergence of a local plastic
instability in the material [16]. In supercooled liquids, the
NAD field contains long-range correlations that increase in
size upon approaching the glass transition [20,33]; however, a direct correlation with the soft modes and with the
dynamics has not yet been established. In Fig. 2, we show
the statistical overlap between the spatial distribution of DH
and of the magnitude of the NAD field ODW;jdj measured
for γ ¼ 10−4. This overlap is significantly higher than the
one with a randomly distributed variable ODW;RND and
clearly increases upon entering the landscape-influenced
regime, albeit not as strongly as the overlap of the DH with
the soft modes. This result raises the question of whether
there might be a correlation between the soft regions where
DHs are more likely to appear in the supercooled liquid and
the regions prone to plastic events once the system has
solidified.
Figure 3 shows, for a typical supercooled liquid configuration, the spatial distribution of the DWF (top left), the
magnitude of the NAD field jdj (top right), and the spatial
distribution of the soft mode localization in the IS Xq (lower
panels) summed over approximately 1.5% (left) and 0.1%
(right) of the lowest frequency normal modes. We note that
at low temperatures the NAD field shows characteristic
quadrupolar patterns, typical of NADs in amorphous solids,
in agreement with recent findings [34]. The maps in Fig. 3
reveal the significant correlations between the DWF, the
NAD field, and the soft-mode localization that we have
discussed so far. Interestingly, they also suggest that DH
and NAD are sensitive to different subsets of the
soft modes.
We have quantified these differences by computing the
overlaps Ojdj;pdq and ODW;pdq as a function of the number of
low-frequency modes N m included in the participation sum
pdq used to determine the soft-mode localization. The main
part of Fig. 4 shows these overlaps in the deeply supercooled region (T ¼ 0.40) for a small γ ¼ 10−4 . We find that
the DWF overlap ODW;pdq increases with N m until 160
modes are included, whereas the NAD overlap Ojdj;pdq
decreases from an initial plateau. That is, about 1% of the
lowest frequency normal modes makes a significant contribution to DH, whereas only the very lowest frequency
nontrivial modes have similar spatial structure to the
magnitude of the NAD field. These results suggest that
the regions where structural relaxation is most likely to
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the IS after deformation is no longer sensitive to only the
lowest frequency modes but instead exhibits a behavior
more similar to the DWF overlap, as shown in the inset
of Fig. 4.
In summary, we have provided new insight into the role
of the spatial distribution of soft modes for the dynamics of
supercooled liquids and explored the link that the modes
provide with the amorphous solid eventually formed at the
glass transition. Our work suggests that the separation
between fast-reversible and slow-irreversible relaxation
processes, usually associated with the hierarchical organization of the PEL, can be related to a qualitative change in
the spatial distribution of soft modes among MBs. By
investigating nonaffinely rearranging regions of the IS in
the supercooled liquid, we find evidence that the soft modes
relevant for DH can be quite distinct from the ones
associated with the mechanical behavior of the solid.
Elucidating the nature and origin of this difference can
be important to reach deeper understanding and control of
the liquid or solid properties of materials close to the glass
transition and is an interesting subject for future work.
FIG. 3 (color online). (Top) Maps of the local Debye-Waller
factor (left) and NAD magnitude (right) for the same initial
configuration of N ¼ 2000 particles at T ¼ 0.36. For NADs, we
used γ ¼ 10−4 . (Bottom) Maps of the soft mode localization fpi g
for X q, the initial IS, with N m ¼ 60 (left) and N m ¼ 7 (right) of
the lowest frequency modes included.
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occur in the supercooled liquid can be quite distinct from
the regions in which local plastic instabilities tend to occur
in the amorphous solid. Interestingly, we also find that
around γ c the overlap between NAD and the soft modes of
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